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Decompositions of locally compact
contraction groups, series and extensions
Helge Glo¨ckner and George A. Willis
Abstract
A locally compact contraction group is a pair (G,α), where G is a
locally compact group and α : G → G an automorphism such that
αn(x) → e pointwise as n → ∞. We show that every surjective,
continuous, equivariant homomorphism between locally compact con-
traction groups admits an equivariant continuous global section. As
a consequence, extensions of locally compact contraction groups with
abelian kernel can be described by continuous equivariant cohomology.
For each prime number p, we use 2-cocycles to construct uncountably
many pairwise non-isomorphic totally disconnected, locally compact
contraction groups (G,α) which are central extensions
{0} → Fp((t))→ G→ Fp((t))→ {0}
of the additive group of the field of formal Laurent series over Fp =
Z/pZ by itself. By contrast, there are only countably many locally
compact contraction groups (up to isomorphism) which are torsion
groups and abelian, as follows from a classification of the abelian
locally compact contraction groups.
Classification: Primary 22D05; secondary 20E22, 20E36, 20F18, 20J06
Key words: contraction group; torsion group; extension; cocycle; section;
equivariant cohomology; abelian group; nilpotent group; isomorphism types
Introduction and statement of results
An automorphism α : G → G of a locally compact group G is called con-
tractive if limn→∞ α
n(x) = e for each x ∈ G. The article is devoted to new
aspects of the theory of such locally compact contraction groups (G,α). Let
Ge be the connected component of the identity element e of G. Siebert [15,
Proposition 4.2] showed that G has an α-stable closed normal subgroup Gtd
such that
G = Ge ×Gtd
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internally as a topological group; moreover, Ge is a simply connected, nilpo-
tent real Lie group (see [15]) and hence torsion-free. Results by the authors
imply that the set tor(G) of torsion elements is a closed subgroup of Gtd and
G = Ge ×Gp1 × · · · ×Gpn × tor(G) (1)
internally for α-stable closed subgroups Gp of G which are p-adic Lie groups
for some prime p (cf. [7, Theorem B]). We improve these results by adding
uniqueness statements, invariance properties and refined decompositions:1
Theorem A. For each locally compact contraction group (G,α), we have:
(a) G has a unique closed normal subgroup Gtd such that G = Ge × Gtd
internally as a topological group. The subgroup Gtd is totally dis-
connected, α-stable, and topologically fully invariant in G.
(b) The set tor(G) of torsion elements of G is a closed subgroup of G and
totally disconnected. There are a unique n ∈ N0, unique prime numbers
p1< · · ·<pn and unique p-adic Lie groups Gp 6={e} for p∈{p1, . . . , pn}
which are closed normal subgroups of G such that
G = Ge ×Gp1 × · · · ×Gpn × tor(G) (2)
internally as a topological group. Each Gp is topologically fully invari-
ant in G (and hence α-stable).
(c) If tor(G) is locally pro-nilpotent, then, for each prime number p, the set
torp(G) of p-torsion elements of G is a fully invariant closed subgroup
of G which is locally pro-p. Moreover, torp(G) 6= {e} for only finitely
many p, say for p among the prime numbers q1 < q2 < · · · < qm, and
tor(G) = torq1(G)× · · · × torqm(G)
internally as a topological group.
The structure of Ge and the Gp is well understood: Siebert showed that
the Lie algebra of the simply connected nilpotent real Lie group Ge admits a
positive graduation (and any real Lie algebra with this property arises in this
way), see [15]. J. S. P. Wang showed that Gp is the group ofQp-rational points
1In the following theorems, we use terminology as explained in Section 1.
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of a unipotent algebraic group defined over the field Qp of p-adic numbers
(and hence nilpotent) [17]; its Lie algebra admits an N-graduation (and any
p-adic Lie algebra with this property arises in this way; see also [6]). By
contrast, the structure of the torsion part tor(G) is as yet not well understood,
except that, as a locally compact contraction group, tor(G) has a composition
series whose simple quotients are isomorphic to restricted products
F (−N) × FN0
with the right shift for F a finite simple group, where FN0 is equipped with the
compact product topology and where the group F (−N) of finitely supported
sequences (xn)n∈−N in F (viz. xn = e for all sufficiently small n) is given
the discrete topology (see [7]). Note that F (−N) × FN0 is isomorphic to the
additive group of the field Fp((t)) of formal Laurent series with coefficients
in Fp (together with the contractive automorphism α : f(t) 7→ tf(t)) if F :=
Fp is a cyclic group of prime order p. As there are (up to isomorphism) only
countably many possible composition factors, it is natural to ask whether, up
to isomorphism, there are only countably many torsion contraction groups.
We show that the answer is negative (see Theorem 8.1):
Theorem B. For each prime p, there is an uncountable set of contraction
groups (H, β) which are pairwise non-isomorphic as contraction groups and
such that each (H, β) is a central extension
{0} → Fp((t))→ H → Fp((t))→ {0}.
To this end, we describe continuous 2-cocycles ηs : Fp((t)) × Fp((t)) → Fp((t))
with α ◦ ηs = ηs ◦ (α×α), parametrized by sequences s ∈ {0, 1}
N, which give
rise to contraction groups
Fp((t))×ηs Fp((t))
which are pairwise non-isomorphic for different values of s. This procedure
is quite natural, since all central extensions of locally compact contraction
groups can be described by equivariant, continuous 2-cocycles (as observed
in Appendix A), as a consequence of the following result:
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Theorem C. If (G,α) and (H, β) are locally compact contraction groups and
q : G→ H is a surjective, continuous homomorphism such that β ◦ q = q ◦α,
then there exists a continuous map σ : H → G such that σ(e) = e, q◦σ = idH
and α ◦ σ = σ ◦ β.
In other words, all extensions of locally compact contraction groups admit
equivariant, continuous global sections.
Theorem B provides uncountably many non-isomorphic contraction groups
which are central extensions of the abelian group Fp((t)) by itself, and hence
nilpotent. By contrast, there are only two non-isomorphic abelian contraction
groups which are extensions of Fp((t)) by itself. More generally, we have the
following classification (which subsumes the preceding assertion with F =
Z/4Z and the Klein 4-group F = (Z/2Z)2):
Theorem D. Let (G,α) be a totally disconnected, locally compact contraction
group such that G is a torsion group and abelian. Then (G,α) is isomorphic
to F (−N) × FN0 with the right shift for some finite abelian group F , which is
determined up to isomorphism. Conversely, every such contraction group is
an abelian torsion group.
Notably, up to isomorphism there are only countably many locally compact
abelian contraction groups which are torsion groups (see also Corollary 5.6).
Based on Theorem D, we obtain a classification of the locally compact abelian
contraction groups. To formulate it, let P be the set of prime numbers and
Q∞ := R. For p ∈ P ∪ {∞}, let Qp be an algebraic closure of Qp and Ωp
be the set of all monic irreducible polynomials f over Qp such that |λ| < 1
for all zeros λ of f in Qp, where |.| is the unique extension of the usual
absolute value on Qp to an absolute value on Qp. Given a monic irreducible
polynomial f ∈ Qp[X ] and n ∈ N, we endow the Qp-vector space
Efn := Qp[X ]/f
nQp[X ]
with the Qp-linear automorphism αfn taking g + f
nQp[X ] to Xg + f
nQp[X ]
for all polynomials g ∈ Qp[X ] (whose characteristic and minimal polynomials
both are fn). Given p ∈ P and n ∈ N, let Fpn := Z/p
nZ and write Fpn((t)) as
a shorthand for F
(−N)
pn ×F
N0
pn , endowed with the right shift αpn (see also 1.3).
We obtain the following Structure Theorem for Locally Compact Abelian
Contraction Groups.
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Theorem E. Let (G,+) be a locally compact abelian group and α : G → G
be a contractive automorphism. Then (G,α) is isomorphic to⊕
p∈P∪{∞}
⊕
f∈Ωp
⊕
n∈N
(Efn , αfn)
µ(p,f,n)⊕
⊕
p∈P
⊕
n∈N
(Fpn((t)), αpn)
ν(p,n) (∗)
as a contraction group, for uniquely determined µ(p, f, n) ∈ N0 which are
non-zero for only finitely many (p, f, n) with (p, n) ∈ (P ∪ {∞}) × N and
f ∈ Ωp, and uniquely determined ν(p, n) ∈ N0 which are non-zero for only
finitely many (p, n) ∈ P×N. Conversely, all groups of the form (∗) are locally
compact abelian contraction groups.
We are also able to adapt various results to general locally compact con-
traction groups (G,α) which were previously only known for totally discon-
nected G. For example, generalizing [7, Theorem 3.3] we show that every
locally compact contraction group admits a composition series
{e} = G0 ✁G1 ✁ · · ·✁Gn = G
as a contraction group, and that a Jordan-Ho¨lder Theorem holds for such
(see Theorem 4.7). As the composition factors Gj/Gj−1 are simple contrac-
tion groups (in the sense of 1.6), it is of interest to classify the latter. A
classification of the simple totally disconnected contraction groups was ob-
tained in [7, Theorem A]. The following result completes the picture:
Theorem F. If (G,α) is a simple locally compact contraction group, then G
is either connected or totally disconnected. The family (Ef , αf)f∈Ω∞ is a
system of representatives for the isomorphism classes of the connected
simple locally compact contraction groups.
It is known from [7, Corollary 3.6] that a continuous group homomorphism
φ : G → H has closed image and is an open mapping onto its image
whenever (G,α) and (H, β) are totally disconnected, locally compact con-
traction groups and β ◦ φ = φ ◦ α. We obtain the following generalization
(see Proposition 4.1 and Corollary 4.3):
Theorem G. Let (G,α) and (H, β) be locally compact contraction groups
and φ : G→ H be a continuous group homomorphism. Then we have:
(a) φ(G) is closed in H if and only if φ(tor(G)) is closed in H, in which
case the co-restriction φ|φ(G) : G→ φ(G) is an open map.
5
(b) If β ◦ φ = φ ◦ α, then φ(G) is closed in H.
Structure of the article. In Section 1, we fix notation and describe ba-
sic facts and conventions for later use. Section 2 is devoted to uniqueness
properties and Theorem A. Section 3 contains the proof of Theorem C. As
already mentioned, the latter theorem allows central extensions of locally
compact contraction groups to be described in terms of suitably-defined
equivariant continuous 2-cocycles (and likewise for extensions with abelian
kernel). The arguments, which closely parallel the classical case of group
extensions, are sketched in Appendix A. Theorems F and G are established
in Section 4. In Section 5, we prove Theorems D and E. Section 6 provides
two auxiliary results concerning extensions of contraction groups. In Sec-
tion 7, we turn to a special class of 2-cocycles on contraction groups leading
to central extensions, namely equivariant, biadditive, continuous mappings
ω : Fp((t))× Fp((t))→ Fp((t)). We obtain an explicit parametrization of these
in terms of two-sided sequences of elements in Fp((t)). In Section 8, we show
that a suitable uncountable set of parameters gives rise to extensions which
are not only inequivalent extensions, but pairwise non-isomorphic as contrac-
tion groups (thus proving Theorem B). The article closes with open problems
concerning torsion contraction groups which are locally pro-p (Section 9).
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1 Preliminaries and notation
We write Z for the ring of integers, N := {1, 2, . . .} and N0 := N ∪ {0}. If
f : X → X is a self-map of a set X , then a subset M ⊆ X is called α-stable
if f(M) = M . If M is a subset of a group G and α(M) ⊆ M for each
endomorphism α of G, then M is called fully invariant. If G is a topological
group and α(M) ⊆M for each continuous endomorphism α of G, then M is
called topologically fully invariant. As usual, we write 〈M〉 for the subgroup
generated by a subsetM of a groupG. If A andB are subgroups of a groupG,
we write [A,B] for the subgroup of G generated by {aba−1b−1 : a ∈ A, b ∈ B},
as usual. We define C1(G) := G and Cn+1(G) := [G,Cn(G)] for n ∈ N. We
define G(0) := G and G(n+1) := [G(n), G(n)] for n ∈ N0.
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1.1 If G is a group and p a prime number, we write
torp(G) := {g ∈ G : (∃n ∈ N) g
pn = e}
for the subset of p-torsion elements. If torp(G) is a subgroup, we call it the
p-torsion subgroup of G.
1.2 If G and H are groups and φ : G→ H is a group homomorphism, then
φ(torp(G)) ⊆ torp(H)
for each prime number p. In particular, torp(G) is fully invariant in G.
1.3 If p is a prime number, we let Fp be the finite field of order p and Fp((t)) be
the valued field of formal Laurent series with coefficients in Fp (cf. [13], [18]);
its elements are series of the form x =
∑∞
n=N xnt
n with N ∈ Z and xn ∈ Fp
for integers n ≥ N . We shall use the absolute value |.| on Fp((t)) given by
|x| := p−N
if x 6= 0 and N (as above) is chosen minimal with xN 6= 0. Then
|x+ y| = |x| for all x, y ∈ Fp((t)) such that |y| < |x|. (3)
In the same way, we can consider the ring F ((t)) of formal Laurent series
over a finite commutative ring F . Its additive group with the contractive
automorphism x 7→ tx is isomorphic to F (−N)×FN0 with the right shift, and
we appreciate the more compact notation.
All topological groups we consider are assumed Hausdorff. As usual, we use
locally compact group as a shorthand for locally compact topological group.
1.4 If we speak of an automorphism α of a locally compact group A, then
α and its inverse are assumed continuous. We write Aut(A) for the group
of all such automorphisms, and endow it with the topology induced from
the Braconnier topology on the set Homeo(A) of auto-homeomorphisms of A
(called the ‘refined compact-open topology’ in [16]). A subbasis for this
topology is given by the sets
{α ∈ Aut(A) : α(K1) ⊆ U1 and α
−1(K2) ⊆ U2},
for K1, K2 in the set of compact subsets of A and open subsets U1, U2 ⊆ A.
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1.5 If G is a topological group, then a homomorphism γ : G → Aut(A) is
continuous if and only if the corresponding left G-action
G×A→ A, (g, a) 7→ γ(g)(a)
is continuous (see, e.g., [16, Lemma 10.4]).
1.6 An automorphism α of a topological group G is called contractive if
lim
n→∞
αn(g) = e for all g ∈ G.
A locally compact contraction group is a pair (G,α) consisting of a locally
compact group G and a contractive automorphism α : G → G. If G is,
moreover, totally disconnected (resp., connected), then (G,α) is called a
totally disconnected (resp., connected) locally compact contraction group.
We call (G,α) a simple contraction group if G 6= {e} and G does not have
α-stable, closed normal subgroups except for {e} and G.
1.7 Every contractive automorphism α of a locally compact group G is com-
pactly contractive in the following sense: For each compact set K ⊆ G and
identity neighbourhood U ⊆ G, there exists N ∈ N such that
αn(K) ⊆ U for all integers n ≥ N
(see [17, Proposition 2.1] or [15, Lemma 1.4 (iv)]). Thus {αn(V ) : n ∈ N0}
is a basis of identity neighbourhoods in G, for each compact identity neigh-
bourhood V ⊆ G.
1.8 If (G,α) is a totally disconnected, locally compact contraction group,
then there exists a compact open subgroup V ⊆ G such that α(V ) ⊆ V (see
[15, Lemma 3.2 (i)]).
1.9 If G is a locally compact group with Haar measure λG and α : G → G
an automorphism, there is ∆(α) ∈ ]0,∞[ (the module of α) such that
λG(α(A)) = ∆(α)λG(A) for all Borel sets A ⊆ G (cf. [8]). If G is totally
disconnected and α is contractive, let V ⊆ G be a compact open subgroup
such that α(V ) ⊆ V (see 1.8). Then
∆(α−1) = [V : α(V )]. (4)
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1.10 Let (G,αG) and (H,αH) be locally compact contraction groups. A con-
tinuous group homomorphism φ : G→ H is called a morphism of contraction
groups if it is equivariant in the sense that
αH ◦ φ = φ ◦ αG;
we then write φ : (G,αG) → (H,αH). If, moreover, φ is invertible and also
φ−1 is a morphism of contraction groups, then φ is an isomorphism of con-
traction groups (and an automorphism of the contraction group (G,αG) if,
moreover, (G,αG) = (H,αH)). We write Aut(G,αG) for the group of auto-
morphisms of (G,αG).
1.11 If φ : (G,αG) → (H,αH) is a morphism between totally disconnected,
locally compact contraction groups, then φ(G) is a closed, αH -stable sub-
group of H and the co-restriction φ|φ(G) : G→ φ(G) is a quotient homomor-
phism (i.e., surjective, continuous, and open), see [7, Corollary 3.6].
1.12 If (A, αA), (Ĝ, α̂), and (G,α) are totally disconnected, locally compact
contraction groups, we call a short exact sequence
{e} → A
ι
→ Ĝ
q
→ G→ {e}
(or simply Ĝ) an extension of contraction groups if ι : (A, αA) → (Ĝ, α̂)
and q : (Ĝ, α̂) → (G,α) are morphisms of contraction groups. Then ι is a
homeomorphism onto its image and q is a quotient homomorphism, by the
fact recalled in 1.11. If A is abelian, then Ĝ is called an extension of G with
abelian kernel ; if ι(A) is contained in the centre Z(Ĝ) of the group Ĝ, then
Ĝ is called a central extension of G.
1.13 If (G,α) is a locally compact contraction group, we call a series
{e}✁G0 ✁G1 ✁ · · ·✁Gn = G (5)
a series of contraction groups2 ifGj is a closed α-stable subgroup ofG for each
j ∈ {0, . . . , n}. We endow Gj with the contractive automorphism α|Gj for j ∈
{0, . . . , n}. Moreover, we endow Gj/Gj−1 with the contractive automorphism
αj : xGj−1 7→ α(x)Gj−1 for j ∈ {1, . . . , n}. If (Gj/Gj−1, αj) is a simple
contraction group for all j ∈ {1, . . . , n}, then (5) is called a composition
series of contraction groups.
2In the terminology of [7, Definition 2.1], this is an 〈α〉-series.
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1.14 Following [15, Definition 1.7], we say that a locally compact group G
is contractible if it admits a contractive automorphism α : G→ G.
Repeatedly, we shall construct continuous functions as follows.
Lemma 1.15 Let X be a topological space, G be a totally disconnected, lo-
cally compact group which is metrizable and (fn)n∈N0 be a sequence of con-
tinuous functions fn : X → G. Assume that there exists a basis of identity
neighbourhoods U1 ⊇ U2 ⊇ · · · in G such that Un is a compact open subgroup
of G and fn(X) ⊆ Un, for each n ∈ N. Then
gn := f0f1 . . . fn : X → G, x 7→ f0(x)f1(x) · · · fn(x)
converges uniformly to a continuous function g : X → G.
Proof. For all n ∈ N0 and m ∈ N0, we have
(gn+m(x))
−1gn(x) = (fn+m(x))
−1 · · · (fn+1(x))
−1 ∈ Un+1 for all x ∈ X . (6)
For fixed x ∈ X , we deduce that (gn(x))n∈N is a Cauchy sequence in G and
hence convergent (as locally compact groups are complete). Let g(x) be the
limit. Letting m→∞ in (6), we see that
(g(x))−1gn(x) ∈ Un+1 for all n ∈ N0 and x ∈ X .
Thus gn → g uniformly, whence g is continuous. ✷
1.16 Let K = R or K = Qp, respectively, for some prime p. Recall that a real
(resp. p-adic) Lie group is a group G, endowed with a finite-dimensional K-
analytic manifold structure which makes the group operations analytic. Then
the tangent space L(G) := Te(G) of G at the neutral element is a Lie algebra
over K in a natural way. If φ : G→ H is a continuous group homomorphism,
then φ is analytic and we write L(φ) := Te(φ) for its tangent map at e,
which is a Lie algebra homomorphism from L(G) to L(H). In particular,
there is at most one real (resp., p-adic) Lie group structure on a given locally
compact group G. As usual, we identify a real (resp. p-adic) Lie group with
its underlying locally compact group (see [2] and [14] for further information).
For generalities concerning pro-finite groups and pro-p-groups, the reader is
referred to [19] and [4].
10
Definition 1.17 Let p be a prime. We say that a locally compact group G
is locally pro-p if it has a compact open subgroup U which is a pro-p-group.
For example, every p-adic Lie group is locally pro-p (cf. [4, Theorems 8.29
and 8.31]).
Definition 1.18 We say that a locally compact group G is locally pro-
nilpotent if it has a compact open subgroup U which is pro-nilpotent (i.e., a
projective limit of finite nilpotent groups).
For example, every totally disconnected, abelian locally compact contraction
group (G,α) is locally pro-nilpotent, as every compact open subgroup U ⊆ G
is abelian and hence pro-nilpotent.
2 Decompositions of contraction groups
In this section, we prove Theorem A and provide additional results concerning
decompositions of locally compact contraction groups.
We first pinpoint properties of group elements in special classes of contraction
groups (like totally disconnected groups, connected groups, p-adic Lie groups,
and torsion groups). These properties will help us to distinguish elements in
the individual factors of decompositions of contraction groups, and hence to
see that the factors are unique.
Divisible elements; topologically periodic elements
2.1 Recall that an element g in a group G is called divisible if, for each n ∈ N,
there exists x ∈ G such that xn = g. If x is uniquely determined for each n,
then g is called uniquely divisible. An element g of a locally compact group G
is called topologically periodic if g generates a relatively compact subgroup.
If φ : G→ H is a continuous homomorphism between locally compact groups
and g ∈ G is topologically periodic, then φ(g) is topologically periodic in H .
Lemma 2.2 If (G,α) is a totally disconnected, locally compact contraction
group, then G is a union of compact open subgroups. In particular, each
g ∈ G is topologically periodic.
Proof. Let V be a compact open subgroup of G. Then G =
⋃
n∈N0
α−n(V ),
from which the assertions follow. ✷
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Basic properties of connected contraction groups
Results by Siebert [15] imply:
Lemma 2.3 If (G,α) is a connected locally compact contraction group, then
G is a simply connected, nilpotent real Lie group, L(G) is a nilpotent real Lie
algebra, L(α) : L(G)→ L(G) is contractive and we have:
(a) (G,α) is isomorphic to ((L(G), ∗), L(α)) as a contraction group, where
∗ : L(G) × L(G) → L(G), (x, y) 7→ x ∗ y = x+ y + 1
2
[x, y] + · · · is the
Baker-Campbell-Hausdorff (BCH)- multiplication.
(b) G is torsion-free and each g ∈ G is uniquely divisible.
(c) If g ∈ G is topologically periodic, then g = e.
(d) For each e 6= g ∈ G and each sequence (kn)n∈N in N such that kn →∞,
the sequence (gkn)n∈N does not converge in G.
Proof. By [15, 2.3 and Corollary 2.4], G is a simply connected real Lie group
whose Lie algebra L(G) is nilpotent. Hence G is nilpotent (cf. Proposition 12
in [2, Chapter III, §9.5]). Since L(G) is nilpotent, the BCH-series converges
on all of L(G) × L(G) and makes L(G) a Lie group with neutral element 0
(see explanations after Proposition 12 in [2, Chapter III, §9.5]). Since G is
simply connected and nilpotent, the exponential map expG : L(G) → G is
an isomorphism of Lie groups from (L(G), ∗) to G, by Proposition 13 in [2,
Chapter III, §9.5]. Since
expG ◦L(α) = α ◦ expG (7)
by Proposition 10 in [2, Chapter III, §6.4], we see that the automorphism
L(α) : L(G) → L(G) of (L(G), ∗) (and of (L(G),+)) is contractive. By (7),
expG is an isomorphism of contraction groups from ((L(G), ∗), L(α)) to (G,α),
establishing (a).
Using the BCH-formula, for x ∈ L(G) we find that the map R → L(G),
t 7→ tx is a continuous group homomorphism to (L(G), ∗), whence Rx is a
subgroup of (L(G), ∗) and
xn = nx for all n ∈ Z. (8)
Since (L(G),+) is torsion-free and each element of this group is uniquely
divisible, we deduce with (8) that also the group (L(G), ∗) is torsion-free and
12
each of its elements is uniquely divisible (entailing (b)). If 0 6= x ∈ L(G) was
topologically periodic in (L(G), ∗), then the discrete group 〈x〉 = Zx ∼= Z
would be relatively compact in Rx ∼= R, a contradiction. Thus (c) holds.
To establish (d), let ‖.‖ be a norm on L(G). If 0 6= x ∈ L(G) and kn → ∞,
then ‖xkn‖ = ‖knx‖ = kn‖x‖ → ∞, whence x
kn cannot converge in L(G). ✷
Basic properties of p-adic contraction groups
For p-adic contraction groups, a counterpart of Lemma 2.3 is available.
Lemma 2.4 If (G,α) is a locally compact contraction group such that G is a
p-adic Lie group, then G is nilpotent, L(G) is a nilpotent p-adic Lie algebra,
L(α) : L(G)→ L(G) is contractive and we have:
(a) (G,α) is isomorphic to ((L(G), ∗), L(α)) as a contraction group, where
∗ : L(G)× L(G)→ L(G) is the BCH-multiplication.
(b) G is torsion-free and each g ∈ G is uniquely divisible.
(c) For each g ∈ G, we have limn→∞ g
pn = e.
Proof. By [17, Theorem 3.5 (ii) and (iv)], G is nilpotent and L(α) is con-
tractive. Hence L(G) is a nilpotent p-adic Lie algebra (by Proposition 12
in [2, Chapter III, §9.4]), ensuring that the BCH-series converges on all of
L(G) × L(G) and makes L(G) a p-adic Lie group (see explanations after
Proposition 12 in [2, Chapter III, §9.5]). The Lie algebra automorphism
L(α) also is an automorphism of (L(G), ∗) (as the BCH-series is given by
nested Lie brackets). There exists a compact open subgroup V of (L(G), ∗)
and an exponential function expG : V → G whose image U is a compact open
subgroup of G, such that expG : (V, ∗) → U is an isomorphism of p-adic Lie
groups, and such that
expG ◦L(α)|W = α ◦ expG |W
for some compact open subgroup W of (V, ∗) such that L(α)(W ) ⊆ V (cf.
Proposition 8 in [2, Chapter III, §4.4]). Since L(α) is contractive, there exists
a compact open subgroup Q of (L(G), ∗) such that Q ⊆W and L(α)(Q) ⊆ Q
(cf. 1.8 and 1.7); after replacing both V and W with Q, we may assume
that L(α)(V ) ⊆ V and expG ◦L(α)|V = α ◦ expG. Now [17, Proposition 2.2]
provides an isomorphism φ : ((L(G), ∗), L(α))→ (G,α) of contraction groups
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which extends expG (establishing (a)).
Since Qp → L(G), t 7→ tx is a continuous homomorphism to (L(G), ∗) for
each x ∈ L(G), we see that (8) holds and deduce as in the proof of Lemma 2.3
that (L(G), ∗) is torsion-free and all of its elements are uniquely divisible (as
both properties are inherited from (L(G),+)). Thus (b) holds.
Using (8), we see that xp
n
= pnx → 0 as n → ∞ for each element x of
(L(G), ∗), from which (c) follows. ✷
Lemma 2.5 Let p 6= q be prime numbers, G be a torsion-free p-adic Lie
group (e.g., a contractible p-adic Lie group), and e 6= g ∈ G. Then the
sequence (gq
n
)n∈N does not converge to e in G.
Proof. There exists an open 0-neighbourhood V ⊆ L(G) such that the
BCH-series converges on V × V and makes V a p-adic Lie group (V, ∗), and
an open subgroup U ⊆ G which is isomorphic to (V, ∗) (cf. Theorem 2 and
Lemma 3 in [2, Chapter III, §4.2]). Let φ : U → V be an isomorphism. If
there were g ∈ G \ {e} such that gq
n
→ e, then we could find m ∈ N such
that gq
n
∈ U for all n ≥ m. Since G is torsion-free, gq
m
6= e and thus
x := φ(gq
m
) 6= 0. Choose a norm ‖.‖ on the p-adic vector space L(G). We
have xq
n
= φ(gq
n+m
)→ 0 as n→∞. But q has p-adic absolute value |q|p = 1,
as is well-known.3 Hence ‖xq
n
‖ = ‖qnx‖ = |q|np‖x‖ = ‖x‖ for all n ∈ N and
thus xq
n
6→ 0, contradiction. ✷
Basic properties of torsion contraction groups
Lemma 2.6 Let (G,α) be a locally compact contraction group and tor(G) be
the set of all torsion elements of G. Then tor(G) is a fully invariant closed
subgroup of G and totally disconnected.
Proof. By [15, Proposition 4.2], G has a totally disconnected, α-stable
closed normal subgroup D such that G = Ge ×D internally as a topological
group. Since Ge is torsion-free by Lemma 2.3, we have tor(G) = tor(D). As
tor(G) = tor(D) is a closed subgroup of D by [7, Theorem B], it also is a
closed subgroup of G (and fully invariant by a trivial argument). ✷
3We have ap + bq = 1 for suitable integers a and b, whence bq = 1 − ap and hence
|b|p|q|p = 1. Since |b|p, |q|p ≤ 1, the latter entails |q|p = 1.
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Lemma 2.7 If (G,α) is a locally compact contraction group and G is a
torsion group, then G is totally disconnected and has finite exponent. If an
element g ∈ G is divisible, then g = e.
Proof. By Lemma 2.6, G is totally disconnected. The torsion group G has
finite exponent, as there exists a composition series {e} = G0✁G1✁· · ·✁Gn =
G of closed α-stable subgroups (see [7, Theorem 3.3]) and each of the factors
Gj/Gj−1 is a torsion group of finite exponent (cf. [7, Theorem A (a)]). Being
a torsion group of finite exponent, G does not contain non-trivial divisible
elements. ✷
Basic properties of contraction groups which are locally pro-p
Lemma 2.8 Let (G,α) be a totally disconnected, locally compact contraction
group. If G is locally pro-p for some prime p, then every compact subgroup
of G is a pro-p-group; moreover, G is a union of compact open subgroups
which are pro-p-groups.
Proof. Let K be a compact subgroup of G and U be a compact open
subgroup of G which is a pro-p-group. Since α is compactly contractive, we
have αn(K) ⊆ U for some n ∈ N, whence αn(K) is a pro-p-group by [4,
Proposition 1.11 (i)]. Since αn|K : K → α
n(K) is an isomorphism, also K is
a pro-p-group. By Lemma 2.2, G is a union of compact open subgroups; any
such is a pro-p-group, as just explained. ✷
We shall use the following well-known fact:
Lemma 2.9 Let p 6= q be primes, P be a pro-p-group and Q be a pro-q-
group. If φ : P → Q is a continuous group homomorphism, then φ(x) = e
for all x ∈ P .
Proof. On the one hand, φ(P ) is a pro-p-group, being isomorphic to P/ ker(φ)
(see [4, Proposition 1.11 (b)]). On the other hand, φ(P ) is a pro-q-group, be-
ing a compact subgroup of Q (see [4, Proposition 1.11 (a)]). Hence φ(P )/U is
both a p-group and a q-group and thus φ(P )/U = {e}, for each open normal
subgroup U ⊆ φ(P ). As a consequence, φ(P ) = {e}. ✷
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Continuous group homomorphisms between contraction groups
Lemma 2.10 Let φ : G → H be a surjective, continuous group homomor-
phism between contractible locally compact groups G and H. Then φ is an
open map. If φ is bijective, then φ is a homeomorphism.
Proof. Since G and H are σ-compact by [15, 1.8(a)] and locally compact,
the Open Mapping Theorem (e.g., [8, Theorem 5.29]) applies to φ. ✷
Lemma 2.11 Let p 6= q be primes, G and H be contractible locally compact
groups and φ : G → H be a continuous group homomorphism. Then φ = e
in each of the following cases:
(a) G is connected and H is a torsion group or a p-adic Lie group.
(b) G is a p-adic Lie group and H is a torsion group or a q-adic Lie group.
(c) G is a torsion group and H is a p-adic Lie group.
(d) G is locally pro-p and H is locally pro-q.
(e) G is totally disconnected and H is connected.
Proof. (a) If H is a torsion group, then H is totally disconnected (see 2.7),
and so is every p-adic Lie group. As φ(G) is connected, φ(G) = {e} follows.
(b) If H is a torsion group, we exploit that each g ∈ G is divisible (by
Lemma 2.4 (b)). Hence φ(g) is divisible and thus φ(g) = e, by Lemma 2.7.
If H is a q-adic Lie group, then the assertion is a special case of (d).
(c) Since H is torsion-free as recalled in 2.4 while φ(G) ⊆ H is a torsion
group, we must have φ(G) = {e}.
(d) Given g ∈ G, there exists a compact open subgroup U of G which
is a pro-p-group and contains g (see Lemma 2.8). Then φ(U) is a compact
subgroup of H and hence a pro-q-group, by Lemma 2.8. By Lemma 2.9,
φ|U : U → φ(U) is the constant map e, whence φ(g) = e in particular.
(e) Each g ∈ G is topologically periodic (see Lemma 2.2), whence φ(g) is
topologically periodic and thus φ(g) = e (see Lemma 2.3). ✷
Lemma 2.12 Let p 6= q be prime numbers and φ : G → H be a continuous
group homomorphism from a contractible p-adic Lie group to a torsion-free
q-adic Lie group H. Then φ = e.
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Proof. For each g ∈ G, we have gp
n
→ e as n→∞, whence φ(g)p
n
→ e and
thus φ(g) = e, by Lemma 2.5 (c). ✷
Lemma 2.13 Let φ : G→ H be a continuous group homomorphism between
contractible locally compact groups G and H. Assume that
G = Ge ×D and H = He × E
internally as topological groups for closed normal subgroups D ⊆ G and E ⊆
H. Then φ(Ge) ⊆ He and φ(D) ⊆ E. If φ is surjective, then φ(Ge) = He
and φ(D) = E.
Proof. The assertion φ(Ge) ⊆ He is trivial. Write φ|D = (φe, θ) with
φe : D → He and θ : D → E. Since D ∼= G/Ge is totally disconnected and
contractible, we have φe = e by Lemma 2.11 (e) and thus φ(D) ⊆ E. Notably,
φ(G) = φ(Ge)× φ(D), from which the final assertion follows. ✷
Proposition 2.14 Let (G,α) and (H, β) be locally compact contraction groups
and φ : G→ H be a continuous group homomorphism. Assume that
G = Ge ×Gp1 × · · · ×Gpn × tor(G) (9)
internally as a topological group, for certain prime numbers p1 < · · · < pn
and non-trivial, α-stable closed normal subgroups Gp ⊆ G which are p-adic
Lie groups, for p ∈ {p1, . . . , pn}. Moreover, assume that
H = He ×Hq1 × · · · ×Hqm × tor(H) (10)
internally as a topological group, for certain prime numbers q1 < · · · < qm and
non-trivial, closed normal subgroups Hp ⊆ H which are p-adic Lie groups, for
all p ∈ {q1, . . . , qm}. For primes p such that p 6∈ {q1, . . . , qm}, set Hp := {e}.
Then the following holds:
(a) φ(Ge) ⊆ He and φ(tor(G)) ⊆ tor(H);
(b) φ(Gp) ⊆ Hp for all p ∈ {p1, . . . , pn};
(c) If φ is injective, then {p1, . . . , pn} ⊆ {q1, . . . , qm};
(d) If φ is surjective, then φ(Ge) = He, φ(tor(G)) = tor(H), {p1, . . . , pn} ⊇
{q1, . . . , qm} and φ(Gp) = Hp for all p ∈ {q1, . . . , qm}.
17
Proof. (a) is obvious. To prove (b), note that He × Hq1 × · · · × Hqm
∼=
H/tor(H) is torsion-free. So Hq is torsion-free for all q ∈{q1, . . . , qm}. Write
φ|Gp = (φe, φ1, . . . , φm, θ)
in terms of its components φe : Gp → He, φj : Gp → Hqj for j ∈ {1, . . . , m},
and θ : Gp → tor(H) with respect to the decomposition (10). By Lemma 2.11
(e) and (b), we have φe = e and θ = e. Moreover, φj = e for all j ∈ {1, . . . , m}
such that p 6= qj , by Lemma 2.12. If p 6∈ {q1, . . . , qm}, we deduce that
φ(Gp) = {e} = Hp. If p = qj for some j ∈ {1, . . . , m}, we deduce that
φ(Gp) ⊆ Hp.
(c) is immediate from (b).
(d) For j ∈ {1, . . . , m}, let Sj := φj(Gpi) ⊆ Hqj if there exists i ∈
{1, . . . , n} such that pi = qj ; otherwise, we set Sj := {e} ⊆ Hqj . Then
φ(G) = φ(Ge)× S1 × · · · × Sm × φ(tor(G)), (11)
where φ(Ge) ⊆ He and φ(tor(G)) ⊆ tor(H). If φ is onto, then a comparison
of (10) and (11) yields the conclusion of (d). ✷
Proof of Theorem A. (a) By [15, Proposition 4.2], G has a totally discon-
nected, α-stable, closed normal subgroup D such that G = Ge×D internally
as a topological group. If also E is a closed normal subgroup of G such
that G = Ge × E internally as a topological group, applying Lemma 2.13
to idG : Ge × D → Ge × E we obtain D = E. Again by Lemma 2.13, D is
topologically fully invariant.
(b) Write G = Ge×Gtd as in (a). By Lemma 2.6 and its proof, tor(G) =
tor(Gtd) is a closed subgroup of G. By [7, Theorem B], there are primes
p1 < · · · < pn and α-stable closed normal non-trivial subgroups Gp of G for
p ∈ {p1, . . . , pn} such that (9) holds. Now assume that q1 < · · · < qm are
primes and
G = Ge ×Hq1 × · · · ×Hqm × tor(G)
internally as a topological group for non-trivial p-adic Lie groups Hp for
p ∈ {q1, . . . , qm} which are closed normal subgroups of G. Applying Propo-
sition 2.14 to φ := idG, we find that n = m, pi = qi for all i ∈ {1, . . . , n}
and Gp = Hp for all p ∈ {p1, . . . , pn}. By Proposition 2.14, each Gp is
topologically fully invariant in G.
(c) will be established later in this section, after Proposition 2.18.
More can be said concerning the p-adic Lie groups Gp in Theorem A.
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Proposition 2.15 Let (G,α), p1 < . . . < pn and Gp for p ∈ {p1, . . . , pn} be
as in Theorem A. Write Gp := {e} for primes p 6∈ {p1, . . . , pn}. Then
Gp =
{
x ∈ G : x is divisible and lim
n→∞
xp
n
= e
}
(12)
for each prime number p.
Proof. Let πe : G → Ge, θ : G → tor(G) and πp : G → Gp (for p ∈
{p1, . . . , pn}) be the projections onto the components of
G = Ge ×Gp1 × · · · ×Gpn × tor(G).
For each prime number p, the left-hand-side of (12) is a subset of the right-
hand-side, by Lemma 2.4 (c). To see the converse inclusion, let x be an
element of the right-hand-side. Then θ(x) is a divisible element of tor(G)
and hence θ(x) = e, by Lemma 2.7. Moreover, πe(x) = e by Lemma 2.3 (d).
Finally, πq(x) = e for each q ∈ {p1, . . . , pn} such that q 6= p, by Lemma 2.5. If
p 6∈ {p1, . . . , pn}, we deduce that x = e, whence x ∈ Gp. If p ∈ {p1, . . . , pn},
we deduce that x = πp(x) ∈ Gp. ✷
Locally pro-nilpotent contraction groups
Proposition 2.16 Let (G,α) be a locally compact contraction group such
that Gtd is locally pro-nilpotent. Then G has a largest α-stable closed normal
subgroup G(p) which is locally pro-p, for each prime number p. Moreover,
G(p) 6= {e} only for finitely many primes, say for p in the set {p1, . . . , pm}
with p1 < · · · < pm, and
G = Ge ×G(p1) × · · · ×G(pm) (13)
internally as a topological group.
Proof. Let U ⊆ Gtd be a compact open subgroup which is pro-nilpotent.
Let V ⊆ G be a compact open subgroup such that α(V ) ⊆ V (see 1.8). Then
αn(V ) ⊆ U for some n ∈ N, by 1.7. Thus αn(V ) is pro-nilpotent, and hence
so is V . After replacing U with V , we may assume that U is pro-nilpotent
and α(U) ⊆ U . Being pro-nilpotent, U has a unique p-Sylow subgroup Sp
for each prime p (see [19, Propositions 2.4.3 (ii) and 2.2.2 (d)]), and
U =
∏
p∈P
Sp (14)
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(see [19, Proposition 2.4.3 (iii)]). As α is an automorphism, α(Sp) is the
unique Sylow p-subgroup of α(U). Now α(Sp) is the intersection of a p-Sylow
subgroup of U with α(U) ⊆ U , as follows from [19, Proposition 2.2.2 (c)]. So
α(Sp) = Sp ∩ α(U) ⊆ Sp. (15)
By [7, Proposition 3.1], G(p) :=
⋃
n∈N0
α−n(Sp) is a closed subgroup of Gtd,
and Sp is open in G(p). Now α
−n(Sp) is normal in α
−n(U), for each n ∈ N0,
since Sp is normal in U . As a consequence, the ascending union G(p) =⋃
n∈N0
α−n(Sp) is normal in the ascending union Gtd =
⋃
n∈N0
α−n(U) and
hence in G = Ge ×Gtd. By (14) and (15), we have
α(U) =
∏
p∈P
α(Sp) =
∏
p∈P
(α(U) ∩ Sp).
As α(U) is open in U , for all but finitely many p we must have Sp = α(U)∩Sp
(which is compact) and thus Sp = {e} (as every compact contraction group
is trivial). Let p1 < · · · < pm be the primes p for which Sp 6= {e}. Then
G(p1) · · ·G(pm) =
⋃
n∈N0
α−n(U) = Gtd,
showing that the product map
π : G(p1) × · · · ×G(pm) → Gtd, (g1, . . . , gm) 7→ g1g2 · · · gm
is surjective. Now Spj centralizes Spk for all j 6= k in {1, . . . , m}, whence
the ascending union G(pj) =
⋃
n∈N0
α−n(Sj) centralizes the ascending union
G(pk) =
⋃
n∈N0
α−n(Spk). As a consequence, π is a group homomorphism and
hence a morphism of contraction groups if we use
α|G(p1) × · · · × α|G(pm)
on the direct product. Thus ker(π) is a contraction group. As ker(π) ∩
(Sp1 × · · ·×Spm) = {(e, . . . , e)}, the contraction group ker(π) is discrete and
thus ker(π) = {(e, . . . , e)}. Thus π is bijective and hence an isomorphism
of contraction groups, by 1.11. As a consequence, also (13) holds. For k ∈
{1, . . . , m}, let prk : G → G(pk) be the projection onto the factor G(pk) in
the decomposition (13). Moreover, let pre : G → Ge be projection onto the
factor Ge in (13). If p is a prime and N an α-stable closed normal subgroup
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of G which is locally pro-p, then prk(N) = {e} for all k ∈ {1, . . . , m} such
that pk 6= p; moreover, pre(N) = {e} (see Lemma 2.11 (d) and (e)). If
p 6∈ {p1, . . . , pm}, this entails that N = {e}, whence {e} is the largest α-
stable closed normal subgroup of G which is locally pro-p. If p = pk for some
k ∈ {1, . . . , m}, the preceding shows that N ⊆ G(pk), whence G(pk) is the
largest α-stable closed normal subgroup of G which is locally pro-p. ✷
Remark 2.17 We mention that, in Proposition 2.16, {p1, . . . , pm} is the set
of all prime divisors of ∆(α−1|Gtd). Since
∆(α−1|Gtd) = ∆(α
−1|G(p1)) · · ·∆(α
−1|G(pm)),
this assertion will follow from Lemma 4.13.
Proposition 2.18 Let (G,α) be a totally disconnected locally compact con-
traction group which is locally pro-nilpotent and a torsion group. Let p be a
prime. Then torp(G) coincides with G(p), the largest closed normal subgroup
of G which is α-stable and locally pro-p.
Proof. Let p1 < · · · < pm and Sp for p ∈ {p1, . . . , pm} be as in Propo-
sition 2.16 and its proof. Then Sp is a pro-p-group and a torsion group,
whence Sp ⊆ torp(G) and hence also
G(p) =
⋃
n∈N0
α−n(Sp) ⊆ torp(G).
Since G = G(p1) × · · · × G(pm), we deduce that torp(G) = {e} = G(p) for all
primes p 6∈ {p1, . . . , pm}. Moreover, torp(G) = G(p) if p ∈ {p1, . . . , pm}. ✷
Proof of Theorem A, completed.
To establish (c), recall from Lemma 2.6 that H := tor(G) is a totally dis-
connected α-stable closed subgroup of G. As H is locally pro-nilpotent by
hypothesis, Propositions 2.16 and 2.18 show that torp(H) = torp(G) is non-
trivial only for p in a finite set of primes q1 < · · · < qm. Moreover, torp(H) =
H(p) is locally pro-p for each prime p and tor(H) = torq1(H)×· · ·×torqm(H).
Recalling 1.2, all assertions are established. ✷
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Remark 2.19 We mention that the hypothesis in Theorem A(c) is also
necessary for its conclusion.
To see this, let (G,α) be a totally disconnected, locally compact contraction
group and q1 < · · · < qm be prime numbers such that torp(G) is a closed
subgroup of G for p ∈ {q1, . . . , qm} and
G = torq1(G)× · · · × torqm(G)
internally as a topological group. Then torp(G) is locally pro-p for all p ∈
{q1, . . . , qm} (as each compact open subgroup Up of torp(G) is both pro-finite
and a p-group and hence a pro-p-group). Since Uq1 × · · · ×Uqm is a compact
open subgroup of G and pro-nilpotent, we see that G is locally pro-nilpotent.
3 Existence of equivariant global sections
In this section, we prove Theorem C. If (G,α), (H, β), and q are as in the
theorem, we have decompositions G = Ge × Gtd and H = He × Htd as in
Theorem A. Since q is a group homomorphism such that q(Ge) = He and
q(Gtd) = Htd (see Lemma 2.13), we have
q = q|Ge × q|Gtd : Ge ×Gtd → He ×Htd.
If we can find a continuous section σ1 : He → Ge for the surjective morphism
q|Ge : Ge → He of contraction groups and a continuous section σ2 : Htd → Gtd
for the surjective morphism q|Gtd : Gtd → Htd such that α|Ge ◦ σ1 = σ1 ◦ β|He
and α|Gtd ◦ σ2 = σ2 ◦ β|Htd , then σ := σ1 × σ2 will be a continuous section
for q such that α ◦ σ = σ ◦ β. Moreover, σ(e) = σ(βn(e)) = αn(σ(e)) for
each n ∈ N and hence σ(e) = limn→∞ α
n(σ(e)) = e. It therefore suffices to
prove Theorem C in two cases: a) both G and H are totally disconnected; b)
both G and H are connected. We start with case a); case b) will be settled
afterwards, in Lemma 3.2.
Proof of Theorem C when G and H are totally disconnected
Let V ⊆ G be a compact open subgroup such that α(V ) ⊆ V (see 1.8).
Then {αk(V ) : k ∈ N0} is a basis of identity neighbourhoods in G (see 1.7).
By 1.11, q is an open map. Hence U := q(V ) is a compact open subgroup
of H . Since β ◦ q = q ◦ α, we have β(U) ⊆ U . By 1.7, {βk(U) : k ∈ N0} is a
basis of identity neighbourhoods in H . Since β(U) is open and U is compact,
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the index ℓ := [U : β(U)] is finite. We pick representatives h1, . . . , hℓ for
the left cosets hβ(U) ∈ U/β(U) of β(U) in U , such that h1 = e. We find
g1, . . . , gℓ ∈ V such that q(gj) = hj for all j ∈ {1, . . . , ℓ}, and g1 = e. Let
m ∈ Z. For h ∈ βm(U), we show by induction on n ∈ {m,m + 1, . . .} that
there are unique jm, jm+1, . . . , jn ∈ {1, . . . , ℓ} such that
hβk+1(U) = βm(hjm) · · ·β
k(hjk)β
k+1(U) (16)
for all k ∈ {m, . . . , n}. If n = m, there is a unique jm ∈ {1, . . . , ℓ} with
hβm+1(U) = βm(hjm)β
m+1(U) as βm(h1), . . . , β
m(hℓ) are representatives for
the left cosets of βm+1(U) in βm(U). If n > m and unique jm, . . . , jn−1 have
been found such that (16) holds for all k ∈ {m, . . . , n− 1}, then
h = βm(hjm) · · ·β
n−1(hjn−1)z
for a unique z ∈ βn(U) and zβn+1(U) = βn(hjn)β
n+1(U) for a unique jn ∈
{1, . . . , ℓ}. Then
hβn+1(U) = βm(hjm) · · ·β
n(hjn)β
n+1(U) (17)
and jn is uniquely determined by this property. In fact, if (17) also holds
with i ∈ {1, . . . , ℓ} in place of jn, then we can multiply both identities with
βn−1(hjn−1)
−1 · · ·βm(hjm)
−1 on the left. Comparing the right hand sides,
βn(hjn)β
n+1(U) = βn(hi)β
n+1(U)
follows and hence i = jn.
For n ∈ {m,m+ 1, . . .}, let fn(h) := α
n(gjn). Then fn(h
′) = fn(h) for all
h′ ∈ βm(U) such that h′ ∈ hβn+1(U), showing that the function
fn : β
m(U)→ αn(V )
is locally constant and thus continuous. Define sn(h) := α
m(gjm) · · ·α
n(gjn)
for n ∈ {m,m+ 1, . . .}. By Lemma 1.15, the limit
σ(h) := lim
n→∞
sn(h)
exists for all h ∈ βm(U), and the function βm(U)→ G, h 7→ σ(h) is continu-
ous. Given h ∈ H , there is m ∈ Z such that h ∈ βm(U) and our definition of
σ(h) does not depend on the choice of m. We therefore obtain a well-defined
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function σ : H → G, h 7→ σ(h) which is continuous as each of the subsets
βm(U) is open in H and H =
⋃
m∈Z β
m(U). Since
q(sn(h)) = β
m(q(gjm)) · · ·β
n(q(gjn)) = β
m(hjm) · · ·β
n(hjn) ∈ hβ
n+1(U)
for m ∈ Z, h ∈ βm(U) and n ∈ {m,m+ 1, . . .}, we see that
q(σ(h)) = lim
n→∞
q(sn(h)) = h.
If h ∈ βm(U), then β(h) ∈ βm+1(U) holds and the indices ki determined
by β(h) are ki = ji−1 in terms of those determined as above by h, for all
i ∈ {m+ 1, m+ 2, . . .}. Hence
σ(β(h)) = lim
n→∞
αm+1(gkm+1) · · ·α
n(gkn)
= α
(
lim
n→∞
αm(gjm) · · ·α
n−1(gjn−1)
)
= α(σ(h))
and thus σ ◦ β = α ◦ σ. ✷
Lemma 3.1 Let K = R or K be a field Qp of p-adic numbers. Let g and
h be finite-dimensional nilpotent Lie algebras over K; write ∗ both for the
Baker-Campbell-Hausdorff multiplication g × g → g on g and the one on h.
If φ : (g, ∗)→ (h, ∗) is a continuous group homomorphism, then φ : g → h is
a homomorphism of Lie algebras. Thus ker(φ) is an ideal of the Lie algebra
g and φ(g) is a Lie subalgebra of h. Notably, φ(g) is closed in h and the
corestriction φ|φ(g) : g→ φ(g) is an open map.
Proof. For each x ∈ g and n ∈ N, we have φ(nx) = φ(xn) = φ(x)n =
nφ(x), using (8). Hence φ(zx) = zφ(x) for all rational numbers z (by unique
divisibility) and thus φ(zx) = zφ(x) for all z ∈ K, by continuity of φ and
density of Q in K. As a consequence,
L(φ)(x) = φ′(0)(x) =
d
dz
∣∣∣
z=0
φ(zx) = φ(x).
Thus φ = L(φ) is a Lie algebra homomorphism. All other assertions are now
immediate. ✷
We refer to C∞-maps between real C∞-manifolds as smooth maps, as usual.
If f : M → N is a mapping between such manifolds (of dimensions m and n,
respectively), we say that f is differentiable at a point x ∈M if ψ ◦f ◦φ−1 is
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differentiable at φ(x) for each C∞-diffeomorphism φ from an open neighbour-
hood of x in M onto an open subset of Rm and each C∞-diffeomorphism ψ
from an open neighbourhood of f(x) in N onto an open subset of Rn. By the
Chain Rule, it suffices to check differentiability at φ(x) for one pair (φ, ψ).
If (E, ‖.‖) is a normed space over R, then we write for x ∈ E and r > 0
BEr (x) := {y ∈ E : ‖y − x‖ < r} and B
E
r (x) := {y ∈ E : ‖y − x‖ ≤ r}.
Lemma 3.2 Let (G,α) and (H, β) be connected locally compact contraction
groups and q : G→ H be a surjective morphism of contraction groups. Then
there exists a continuous map σ : H → G which is smooth on H \ {e} such
that q ◦ σ = idH and α ◦ σ = σ ◦ β.
Proof. By Lemmas 2.3 and 3.1, we may assume that G = (g, ∗) and
H = (h, ∗) for nilpotent Lie algebras g and h, endowed with the BCH-
multiplication; moreover, we may assume that α and β are contractive Lie
algebra automorphisms, and q is a surjective Lie algebra homomorphism.
There exists a linear map τ : h → g such that q ◦ τ = idh. Notably, τ is
a smooth section for q. However, τ need not be equivariant. To construct
an equivariant section, we proceed as follows. By Lemma 4.9, there exists a
norm ‖.‖ on h with respect to which θ := ‖β‖op < 1. Pick r ∈ ]θ, 1[ and set
U := Bh1(0), W := B
h
r (0).
Then W = B
h
r(0) ⊆ U holds, U = B
h
1(0) and
β(U) ⊆ B
h
θ(0) ⊆ B
h
r (0) =W.
Notably, β(U) ⊆ U and
βk(U) ⊆W for all k ∈ N. (18)
Moreover,
U \ {0} =
⋃
n∈N0
βn(U \ β(U)) =
⋃
n∈N0
βn(U \ β(W )) (19)
and h \ {0} =
⋃
n∈Z β
n(U \ β(W )). For each open cover of the finite-
dimensional smooth manifold h, there exists a smooth partition of unity
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subordinate to it (cf. [10, Corollary III.2.4]). As the sets W and h \ β(U)
form an open cover of h, we therefore find smooth maps g : h → R and
h : h → R with image in [0, 1] such that h + g = 1 and supp(g) ⊆ W ,
supp(h) ⊆ h \ β(U). Note that also τ1 := α ◦ τ ◦ β
−1 is a section for q. We
define
σ0 : h→ g, x 7→ τ(x) ∗ (g(x)(τ(x)
−1 ∗ τ1(x))).
Then σ0 is smooth and a section for q (as ker(q) is a vector subspace of g
and τ(x)−1 ∗ τ1(x) ∈ ker(q)). Since g(x) = 0 for x ∈ h \W , we have
σ0(x) = τ(x) for all x ∈ h \W . (20)
Since g(x) = 1 for all x ∈ β(U), we have
σ0(x) = τ1(x) = α(τ(β
−1(x))) for all x ∈ β(U). (21)
We now define a map σ : h→ g via σ(0) := 0 and
σ(x) := αn(σ0(β
−n(x))) if n ∈ Z and x ∈ βn(U \ β(W )).
To see that σ is well-defined, let x ∈ h and n < m be integers such that
x ∈ βn(U \ β(W )) ∩ βm(U \ β(W )).
Then U \ β(W )∩ βm−n(U \ β(W )) 6= ∅, whence βm−n(U) cannot be a subset
of β(W ) and thus m − n − 1 ≤ 0, by (18). Hence m = n + 1. Now y :=
β−n−1(x) = β−m(x) ∈ U \ β(W ) and
β(y) ∈ (U \ β(W )) ∩ β(U \ β(W ))︸ ︷︷ ︸
⊆ β(U)⊆U
⊆ β(U) \ β(W ) = β(U \W ), (22)
whence
y ∈ U \W. (23)
Then
αn(σ0(β
−n(x))) = αn(σ0(β(y))) = α
n+1(τ(y)) = αn+1(σ0(y))
= αn+1(σ0(β
−n−1(x))) = αm(σ0(α
−m(x))). (24)
In fact, the second equality holds by (21), applied to β(y) in place of x, which
is possible by (22). The third equality holds by (20), which is applicable
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by (23). In view of (24), σ is well-defined.
By definition, σ coincides with the smooth section αn ◦ σ0 ◦ β
−n of q on the
open set βn(U \ β(W )) for each n ∈ Z. As the latter sets cover h \ {0} (cf.
(19)), we see that σ|h\{0} is smooth and a section for q. Thus σ is a section
for q, since also q(σ(0)) = q(0) = 0.
To see that σ is continuous, it only remains to check its continuity at 0. To
this end, let V ⊆ g be a 0-neighbourhood. Since σ0(U) is compact and α is
contractive, there exists n0 ∈ N0 such that
αn(σ0(U)) ⊆ V for all n ≥ n0.
As a consequence, σ(x) ∈ V for all x ∈
⋃
n≥n0
βn(U \ β(W )) = βn(U) \ {0}
(cf. (19)). Since σ(0) = 0 ∈ V , we deduce that σ(βn(U)) ⊆ V . Thus σ is
continuous at 0.
The condition α(σ(x)) = σ(β(x)) is trivial if x = 0. If x ∈ h \ {0}, then
x ∈ βn(U \ β(W )) for some n ∈ Z (cf. (19)). Then β(x) ∈ βn+1(U \ β(W ))
and we get
σ(β(x)) = αn+1(σ0(β
−n−1(β(x)))) = α(αn(σ0(β
−n(x)))) = α(σ(x)),
using the piecewise definition of σ for the first equality and the last. ✷
Let us briefly discuss differentiability of equivariant sections at e.
Lemma 3.3 In the setting of Lemma 3.2, the following are equivalent:
(a) σ can be chosen as a smooth map;
(b) σ can be chosen differentiable at e;
(c) There exists a linear map τ : L(H)→ L(G) such that L(q) ◦ τ = idL(H)
and L(α) ◦ τ = τ ◦ L(β).
Proof. The implication “(a)⇒(b)” is trivial and also “(c)⇒(a)”, once we
identify (G,H, q, α, β) with (L(G), L(H), L(q), L(α), L(β)) as explained in
the preceding proof. To see that (b) implies (c), consider a continuous section
τ : L(H)→ L(G) for L(q) which is differentiable at 0 and satisfies
L(α) ◦ τ = τ ◦ L(β). (25)
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Then L(q) ◦ τ = idL(H) has the derivative
idL(H) = L(q) ◦ τ
′(0)
at 0, by the Chain Rule. Thus τ ′(0) : L(H) → L(G) is a linear section
for L(q). Differentiating (25) at 0, we get L(α) ◦ τ ′(0) = τ ′(0) ◦ L(β). ✷
We mention that σ in Lemma 3.2 cannot always be chosen as a smooth map.
Example 3.4 Recall from the introduction that Ω∞ is the set of monic
irreducible real polynomials f such that all eigenvalues of f have absolute
value less than 1, and that αfn is the automorphism of Efn = R[X ]/f
nR[X ]
induced by multiplication by X , for n ∈ N. For f ∈ Ω∞, the mapping
q : Ef2 → Ef , g+f
2R[X ] 7→ g+fR[X ] is a surjective morphism of contraction
groups from (Ef2 , αf2) to (Ef , αf) which does not admit an equivariant linear
section (as the latter would be an R[X ]-module homomorphism and thus
Ef2 ∼= (Ef )
2, which is absurd). By Lemma 3.3, q cannot admit a smooth
equivariant section.
4 More on homomorphisms, series and
simple factors
In this section, we first provide further results concerning continuous group
homomorphisms between locally compact contraction groups, including a
proof of the statements of Theorem G. These results ensure a certain “closed
product property”, which is essential for our proof of a Jordan-Ho¨lder The-
orem. After a brief review of facts concerning contractive automorphisms
of real vector spaces, we then establish the classification described in Theo-
rem F. The section closes with preparatory results for Section 5.
Results related to Theorem G
Proposition 4.1 Let φ : G → H be a continuous group homomorphism be-
tween contractible locally compact groups G and H. Then φ(G) is closed in H
if and only if φ(tor(G)) is closed. In this case, φ|φ(G) : G→ φ(G) is an open
map.
Proof. Let α and β be contractive automorphisms for G andH , respectively.
Recall from Theorem A that tor(G) is a closed subgroup of G and G =
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Ge×Gp1×· · ·×Gpn× tor(G) for certain primes p1 < · · · < pn and p-adic Lie
groups Gp which are α-stable closed normal subgroups of G. Set Gp := {e}
for primes p 6∈ {p1, . . . , pn}. Likewise, tor(H) is closed in H and
H = He ×Hq1 × · · · ×Hqm × tor(H) (26)
for certain primes q1 < · · · < qm and p-adic Lie groups Hp which are β-stable
closed normal subgroups of H . By Proposition 2.14, we have φ(tor(G)) ⊆
tor(H) and
φ(G) = φ(Ge)× φ(Gq1)× · · · × φ(Gqm)× φ(tor(G)),
where φ(Ge) is closed in He and φ(Gp) is closed in Hp for all p ∈ {q1, . . . , qm},
by Lemmas 2.3, 2.4 and 3.1. In view of (26), the desired equivalence follows.
Now G is σ-compact, whence also φ(G) is σ-compact. If φ(G) is closed and
hence locally compact, the Open Mapping Theorem [8, Theorem 5.29] shows
that φ|φ(G) is an open map. ✷
For example, φ(G) is closed for each continuous group homomorphism
φ : G → H between contractible locally compact groups such that tor(G) ⊆
ker(φ) (which is the case if G or H is torsion-free).
The next example shows that φ(G) need not be closed in Proposition 4.1.
Example 4.2 Consider the additive group A := Fp((t)) = F
(−N)
p × FN0 with
the right shift α : A→ A, f 7→ tf . Then the map
φ : A→ A, (an)n∈Z 7→
∞∑
n=1
a−2nt
−n +
∞∑
n=0
a−2n−1t
n
is a continuous group homomorphism. The image of φ is the set F
(Z)
p of all
finitely supported sequences in A. Thus φ(A) is a dense proper subgroup
of A, and so φ(A) is not closed in A. The co-restriction φ|φ(A) : A → φ(A)
is not an open map, as otherwise φ(A) would be isomorphic to the locally
compact group A/ ker(φ), whence φ(A) would be complete and hence closed
in A (a contradiction).
Corollary 4.3 If φ : (G,α)→ (H,α) is a morphism of locally compact con-
traction groups, then φ(G) is a closed subgroup of H and φ|φ(G) is an open
map.
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Proof. We know from Lemma 2.6 that tor(G) is an α-stable closed subgroup
of G and totally disconnected. Likewise, tor(H) is a closed subgroup of H
and totally disconnected. Hence φ(tor(G)) is closed in tor(H) and hence
in H , by 1.11. The assertions now follow from Proposition 4.1. ✷
In particular, locally compact contraction groups always have the following
“closed product propertiy”, which previously had only been recorded for
totally disconnected G (see [7, Corollary 3.2]).
Corollary 4.4 Let (G,α) be a locally compact contraction group, N be an
α-stable closed subgroup of G and H be an α-stable closed subgroup of G
which normalizes N . Then NH is a closed α-stable subgroup of G.
Proof. Let H act on N via h.n := hnh−1 for h ∈ H and n ∈ N . The
corresponding semidirect product N ⋊ H is locally compact group and the
map α|N × α|H a contractive automorphism thereof. As the product map
π : N ⋊H → G, (n, h) 7→ nh
is a morphism of contraction groups, we deduce with Corollary 4.3 that
NH = π(N ⋊H) is closed in G. ✷
Composition series and the Jordan-Ho¨lder Theorem
4.5 A series (5) of contraction groups is called a refinement of a series
{e} = H0 ✁H1 ✁ · · ·✁Hm = G (27)
of contraction groups if {H0, . . . , Hm} ⊆ {G0, . . . , Gn}. If m = n and there
is a permutation π of {1, . . . , n} such that
Gj/Gj−1 ∼= Hπ(j)/Hπ(j)−1
as contraction groups for all j ∈ {1, . . . , n}, then (5) and (27) are called
isomorphic series of contraction groups.
Lemma 4.6 Let (G,α) be a locally compact contraction group. If G is con-
nected, then n ≤ dimR L(G) for each series {e} = G0 ✁ G1 ✁ · · ·✁ Gn = G
of contraction groups for (G,α) such that Gj−1 is a proper subgroup of Gj
for all n ∈ {1, . . . , n}. In particular, (G,α) admits a composition series of
contraction groups.
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Proof. We may assume that G = (g, ∗) for a nilpotent real Lie algebra g and
that α is a contractive Lie algebra automorphism. Lemma 3.1 implies that Gj
is a Lie subalgebra of g for each j ∈ {1, . . . , n}, and dimR(Gj−1) < dimR(Gj).
The first assertion follows from this and also the second, as each properly
ascending series (5) with maximal n will be a composition series. ✷
The following result generalizes the case of totally disconnected groups dis-
cussed in [7, Theorem 3.3].
Theorem 4.7 For each locally compact contraction group (G,α), we have:
(a) There exists a composition series {e} = G0 ✁ G1 ✁ · · · ✁ Gn = G of
contraction groups for (G,α).
(b) Zassenhaus Lemma: Any two series of contraction groups for (G,α)
admit refinements which are isomorphic as series of contraction groups.
(c) Jordan-Ho¨lder Theorem: Every series of contraction groups for (G,α)
can be refined to a composition series of contraction groups. More-
over, any two composition series of contraction groups for (G,α) are
isomorphic as series of contraction groups.
Proof. (a) By [15, Proposition 4.2], G = Ge × Gtd internally for a totally
disconnected, α-stable closed normal subgroup Gtd of G. By Lemma 4.6, Ge
has a composition series {e} = G0✁G1✁· · ·✁Gn = Ge of contraction groups.
By [7, Theorem 3.3], Gtd has a composition series {e} = H0✁H1 · · ·✁Hm =
Gtd of contraction groups. Then
{e} = G0 ✁G1 ✁ · · ·✁Gn = Ge ×H0 ✁Ge ×H1 ✁ · · ·✁Ge ×Hm = G
is a composition series of contraction groups for (G,α).
(b) and (c) holds by [7, Proposition 2.4], in view of (a) and the “closed
product property” established in Corollary 4.4. ✷
Contractive automorphisms of real and complex vector spaces
We briefly review some facts concerning contractive automorphisms of real
(or complex) finite-dimensional vector spaces.
Lemma 4.8 Let α : E → E be a C-linear automorphism of a finite-dimensional
complex vector space E. Then the following conditions are equivalent:
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(a) α is contractive;
(b) |λ| < 1 for all eigenvalues λ of α in C;
(c) There exists a norm ‖.‖ on E such that α has operator norm ‖α‖op < 1
with respect to ‖.‖.
Proof. The implication “(c)⇒(a)” is trivial and also “(a)⇒(b)” (since
¬(b)⇒ ¬(a)). To complete the proof, it suffices to prove the implication
“(b)⇒(c)” in the case when matrix describing α with respect to a suitable
basis of E consists of a single Jordan block (using the convention that ones
appear below the diagonal).4 So, let λ ∈ C, k ∈ N and 0 6= v ∈ E such that
(α− λ idE)
k(v) = 0 and the vectors vj := (α− λ idE)
j(v) form a basis for E
for j ∈ {0, 1, . . . , k− 1}. For θ > 0, also the vectors θ−jvj form a basis for E
for j ∈ {0, 1, . . . , k − 1}. Since
α
(
k−1∑
j=0
xjθ
−jvj
)
= λx0θ
0v0 +
k−1∑
j=1
(λxj + θxj−1)θ
−jvj
for x0, . . . , xk−1 ∈ C, we have ‖α‖op ≤ |λ|+ θ with respect to the norm on E
given by ‖
∑k−1
j=0 xjθ
−jvj‖ := max{|x0|, . . . , |xk−1|}. Thus ‖α‖op < 1 if we
choose θ ∈ ]0, 1− |λ|[. ✷
Lemma 4.9 Let α : E → E be an R-linear automorphism of a finite-dimensional
real vector space E. The following conditions are equivalent:
(a) α is contractive;
(b) The corresponding complex linear map αC : EC → EC is contractive,
where EC := E ⊗R C and αC := α⊗ idC;
(c) There exists a norm ‖.‖ on E such that α has operator norm ‖α‖op < 1
with respect to ‖.‖.
4In general, E is a direct sum
⊕n
j=1 Ej of α-stable vector subspaces Ej with this
property. Then ‖α‖op < 1 with respect to the norm ‖.‖ on E given by ‖x1 + · · ·+ xn‖ :=
max{‖x1‖1, . . . , ‖xn‖n} for xj ∈ Ej , where ‖.‖j is a norm on Ej with respect to which
‖α|Ej‖op < 1.
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Proof. The implication “(c)⇒(a)” is trivial.
(a)⇒(b): Considering EC as a real vector space, we have EC = E⊕ iE ∼=
E × E and αC corresponds to α× α, which is contractive.
(b)⇒ (c): If (b) holds, then there exists a norm ‖.‖ on EC with respect
to which ‖αC‖op < 1. Identify x ∈ E with x⊗ 1 ∈ EC. Then ‖α‖op < 1 with
respect to the restriction of ‖.‖ to E. ✷
Classification of the simple locally compact contraction groups
A classification of the simple totally disconnected contraction groups was
obtained in [7, Theorem A and Proposition 6.3]. The following theorem
completes the picture for general locally compact contraction groups. Recall
from the introduction that Ω∞ is the set of all monic irreducible polynomials
f over R such that |λ| < 1 for all zeros λ of f in C. Given a polynomial
f ∈ Ω∞, we endow Ef := R[X ]/fR[X ] with the R-linear automorphism αf
given by multiplication of representatives by X .
We assume that the reader is familiar with the theory of finitely generated
modules over a principal ideal domain (like R[X ]) and its relations to normal
forms for endomorphisms of finite-dimensional vector spaces (see, e.g., [9,
Chapter 3]). We now establish the classification described in Theorem F.
Proof of Theorem F. As G = Ge × Gtd internally and (G,α) is simple,
we must have Ge = {e} or Gtd = {e}, establishing the first assertion. If G
is connected, then G is a nilpotent real Lie group (see Lemma 2.3), whence
its centre Z(G) is a non-trivial α-stable closed normal subgroup of G and
thus G = Z(G), as (G,α) is assumed simple. Hence G is abelian. As a
consequence, the Lie algebra L(G) is abelian, i.e., [x, y] = 0 for all x, y ∈ L(G)
(cf. Proposition 7 in [2, Chapter III, §9.3]). The BCH-multiplication on L(G)
therefore is the addition map,
x ∗ y = x+ y for all x, y ∈ L(G).
Thus (G,α) is isomorphic to ((L(G),+), L(α)) as a contraction group (see
Lemma 2.3). We may hence assume that G is a finite-dimensional real vector
space E and α : E → E a contractive linear automorphism. If p ∈ R[X ] is
the characteristic polynomial of α, then |λ| < 1 for all roots of p in C, by
Lemmas 4.9 and 4.8. Consider E as an R[X ]-module via X.v = α(v) for
v ∈ E. Since (E, α) is a simple contraction group, p coincides with the
minimal polynomial of α and R[X ]/pR[X ] ∼= E is a simple R[X ]-module,
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whence p is irreducible. Thus p ∈ Ω∞ and (E, α) ∼= R[X ]/pR[X ] = (Ep, αp).
Conversely, (Ef , αf ) is a contraction group for each f ∈ Ω∞, by Lemmas 4.9
and 4.8. Since each closed α-stable subgroup of Ef is a vector subspace
(cf. Lemmas 2.3 and 3.1), the contraction group (Ef , αf) is simple as Ef =
R[X ]/fR[X ] is a simple R[X ]-module (since f is irreducible). If f, g ∈ Ω∞
and φ : (Ef , αf)→ (Eg, αg) is an isomorphism of contraction groups, then φ is
linear (cf. Lemmas 2.3 and 3.1) and hence an isomorphism of R[X ]-modules.
From
R[X ]/fR[X ] = Ef ∼= Eg = R[X ]/gR[X ]
we deduce that f = g. ✷
The composition length
Definition 4.10 Let (G,α) be a locally compact contraction group. Theo-
rem 4.7 (c) shows that each composition series {e} = G0✁G1✁ · · ·✁Gn = G
of contraction groups for (G,α) has the same length n ∈ N0. We call n the
composition length of (G,α) and write ℓ(G) := n.
Two simple observations will be useful later.
Lemma 4.11 If (G,α) is a locally compact contraction group and N ⊆ G
an α-stable closed normal subgroup, then
ℓ(G) = ℓ(N) + ℓ(G/N) (28)
if we endow N with the contractive automorphism α|N and G/N with
α : xN 7→ α(x)N .
Proof. Let q : G→ G/N be the canonical quotient map. Then a composition
series for (N,α|N) and the preimages in G under q of a composition series
for (G/N, α) combine to a composition series for (G,α). ✷
Lemma 4.12 If φ : G→ H is a morphism between locally compact contrac-
tion groups (G,α) and (H, β), then
ℓ(G) = ℓ(ker φ) + ℓ(φ(G)). (29)
Proof. Since φ(G) ∼= G/ kerφ, this follows from Lemma 4.11. ✷
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Composition length in locally pro-p groups
Lemma 4.13 Let (G,α) be a locally compact contraction group such that G
is locally pro-p. Then the following holds:
(a) If G 6= {e}, then ∆(α−1) = pk for some k ∈ N.
(b) If G is a torsion group, then ∆(α−1) = pℓ(G), where ℓ(G) is the compo-
sition length of (G,α). Moreover, the order of each group element of G
divides pℓ(G).
Proof. (a) Let V ⊆ G be a compact open subgroup such that α(V ) ⊆ V
(see 1.8). Since
⋂
n∈N0
αn(V ) = {e} as a consequence of 1.7, α(V ) is a proper
subgroup of V . Since V is a pro-p-group (see Lemma 2.8) and α(V ) is open
in V , we deduce that ∆(α−1) = [V : α(V )] = pk for some k ∈ N (see (4)).
(b) If H := Fp((t)) and β(z) := tz for z ∈ H , then U := Fp[[t]] is a compact
open subgroup of H and β(U) = tFp[[t]] is a subgroup of index p in U . By (4),
∆(β−1) = [U : β(U)] = p. (30)
If (G,α) has a composition series (5), give Gj/Gj−1 the contractive automor-
phism αj taking xGj−1 to α(x)Gj−1. Since Gj/Gj−1 is a simple contraction
group, locally pro-p, and a torsion group, the classification in [7, Theorem A]
shows that (Gj/Gj−1, αj) ∼= (H, β) with H = Fp((t)) as above. Thus
∆(α−1) = ∆((α1)
−1) · · ·∆((αn)
−1) = ∆(β−1)n = pn = pℓ(G)
indeed (cf. [5, Proposition III.13.20]). As each subquotient Gj/Gj−1 is a
torsion group of finite exponent p, we deduce from (5) that G is a torsion
group of exponent dividing pn = pℓ(G). ✷
5 Abelian contraction groups
In this section, we prove the structure theorems concerning locally com-
pact abelian contraction groups described in the introduction (Theorems D
and E). In particular, we classify those locally compact contraction groups
which are abelian torsion groups (Corollary 5.6). Up to isomorphism, there
are only countably many. By contrast, for each p one easily finds uncountable
sets of contraction groups which are abelian p-adic Lie groups and pairwise
non-isomorphic, and likewise for contraction groups which are abelian real
Lie groups (see Example 5.2).
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5.1 Every locally compact contraction group (G,α) such that G is an abelian
p-adic Lie group has an abelian p-adic Lie algebra L(G), whence the BCH-
multiplication coincides with addition and (G,α) is isomorphic to (L(G),+)
with the contractive linear automorphism L(α) (as a special case of 2.4).
Likewise, every abelian connected locally compact contraction group (G,α) is
a real Lie group whose Lie algebra L(G) is abelian, and (G,α) is isomorphic to
(L(G),+) endowed with the contractive linear automorphism L(α) (cf. 2.3).
Example 5.2 For a ∈ Qp of p-adic absolute value |a|p < 1, consider the
multiplication operator µa : Qp → Qp, z 7→ az. Then (Qp, µa) is an abelian
contraction group. If also b ∈ Qp with |b|p < 1 and φ : (Qp, µa) → (Qp, µb)
is an isomorphism of contraction groups, then the homomorphism φ is Qp-
linear, by Lemma 3.1. Hence
aφ(1) = φ(a1) = (φ ◦ µa)(1) = (µb ◦ φ)(1) = bφ(1),
entailing that a = b and thus (Qp, µa) = (Qp, µb). Analogous arguments
apply if Qp is replaced with R.
For each m ∈ N and prime number p, we write Fpm := Z/p
mZ and endow
Fpm((t)) with the contractive automorphism α : z 7→ tz.
Remark 5.3 (a) Note that (Fpm((t)), α) has composition length m since
{0} = pmFpm((t))✁ p
m−1Fpm((t))✁ · · ·✁ p
0Fpm((t)) = Fpm((t))
is a composition series of α-stable closed normal subgroups.
[In fact, pk
(
Fpm((t))
)
is the set of all x =
∑∞
i=i0
xit
i in Fpm((t)) such that i0 ∈ Z
and xi ∈ p
kFpm for all i ≥ i0. As a consequence, p
k−1Fpm((t))/p
kFpm((t)) ∼=
Fp((t)) for each k ∈ {1, . . . , m}.]
(b) Let x =
∑∞
i=i0
xit
i ∈ Fpm((t)) with i0 ∈ Z and xi ∈ Fpm for all i ≥ i0.
Let k ∈ {0, 1, . . . , m}. Then pkx = 0 if and only if pkxi = 0 for all i ≥ i0,
which holds if and only if xi ∈ p
m−kFpm. Thus
{x ∈ Fpm((t)) : p
kx = 0} = pm−kFpm((t)). (31)
Lemma 5.4 Let (G,α) be a totally disconnected, locally compact contraction
group such that G is abelian. If x ∈ G is an element of prime power order pm
with m ∈ N, then there is a unique morphism of contraction groups
Fpm((t))→ G taking t
0 to x.
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Its image 〈x〉α is the smallest α-stable closed subgroup of G containing x,
and its co-restriction
θx : Fpm((t))→ 〈x〉α
is an isomorphism of contraction groups if we use α|〈x〉α on the right hand
side. Notably, 〈x〉α ∼= Fpm((t)).
Proof. Let + be the group operation on G. Let U ⊆ G be a compact open
subgroup such that α(U) ⊆ U (see 1.8). Since α is contractive, we have
αk(x) ∈ U for some k ∈ N0. After replacing U with α
−k(U), we may assume
that x ∈ U . Then
U ⊇ α(U) ⊇ α2(U) ⊇ · · ·
is a basis of identity neighbourhoods of G consisting of compact open sub-
groups (cf. 1.7). We claim that a) the limit
φx(z) :=
∞∑
j=N
kjα
j(x)
exists in G for all N ∈ Z and all
z =
∞∑
j=N
kjt
j ∈ Fpm((t)) (32)
with kj ∈ {0, 1, . . . , p
m−1}; and b) the function φx : Fpm((t))→ G, z 7→ φx(z)
is continuous and a homomorphism. As the sets VN of all z as in (32) form an
open cover of Fpm((t)) forN ∈ Z consisting of nested compact open subgroups,
it suffices to fix N ∈ Z and show c) that the above limit exists for z ∈ VN ;
and d) that φx|VN is a continuous homomorphism. Note that Lemma 1.15
can be applied using the continuous functions
fn : VN → α
N+n(U) ⊆ G,
∞∑
j=N
kjt
j 7→ kN+nα
N+n(x).
Hence c) holds and φx|VN is continuous. Being a pointwise limit of group
homomorphisms, also φx|VN is a homomorphism. By construction, we have
φx(tz) = α(φx(z)) for all z ∈ Fpm((t)).
Thus φx is a morphism of contraction groups, entailing that its image 〈x〉α
is an α-stable closed subgroup of G. Since the set F
(Z)
pm of finitely supported
37
sequences is dense in Fpm((t)), the elements α
n(x) with n ∈ Z generate a
dense subgroup of 〈x〉α. As a consequence, 〈x〉α is the smallest α-stable
closed subgroup of G which contains x. To complete the proof, note that
m ≤ ℓ(〈x〉α) ≤ ℓ(Fpm((t))) = m
by Lemma 4.13 (b), 4.12, and Remark 5.3. Thus ℓ(〈x〉α) = ℓ(Fpm((t))),
whence ℓ(ker θx) = 0 (by 4.12) and thus ker θx = {0}. By 1.11, θx is an
isomorphism of topological groups. ✷
Lemma 5.5 For each prime p and m ∈ N0, the lattice of α-stable closed
subgroups of Fpm((t)) is totally ordered; it has the form
{0} = pmFpm((t)) < p
m−1Fpm((t)) < · · · < p
0Fpm((t)) = Fpm((t)).
If k ∈ {0, 1, . . . , m} and x ∈ Fpm((t)) is an element of order p
k, then 〈x〉α =
pm−kFpm((t)).
Proof. Let H be an α-stable closed subgroup of Fpm((t)) and k ∈ {0, . . . , m}
be minimal with pkH = {0}. Let x ∈ H be an element of order pk. Then
〈x〉α ≤ H ≤ p
m−kFpm((t)),
using Remark 5.3 (b). As 〈x〉α ∼= Fpk((t)) (see Lemma 5.4) and p
m−kFpm((t)) ∼=
Fpk((t)) both have composition length k (see Remark 5.3 (a)), 4.11 shows that
pm−kFpm((t))/〈x〉α = {0}
as it has composition length 0. Thus 〈x〉α = H = p
m−kFpm((t)). ✷
Proof of Theorem D: Existence. By Theorem A(c),
G = torp1(G)× · · · × torpm(G)
internally as a contraction group for certain primes p1 < · · · < pm, such that
torp(G) 6= {e} for all p ∈ {p1, . . . , pm}. If we can show that torpk(G) is isomor-
phic to A
(−N)
k ×A
N0
k with the right shift for a finite abelian group Ak, then G
is isomorphic to F (−N) ×FN0 with the right shift for the finite abelian group
F := A1×· · ·×Am. After replacing G with torp(G) for p ∈ {p1, . . . , pm}, we
may therefore assume now that G is a non-trivial p-group and locally pro-p
38
for some prime p. We show by induction on ℓ(G) ∈ N that G ∼= F (−N) × FN
for an abelian group F of order |F | = pℓ(G). If ℓ(G) = 1, then (G,α) is
a simple totally disconnected contraction group which is a torsion group,
abelian and locally pro-p, whence (G,α) is isomorphic to F
(−N)
p × FN0p by the
classification in [7, Theorem A], and the assertion holds. If ℓ(G) > 1, pick
an element x ∈ G of maximal order pk. Then
〈x〉α ∼= Fpk((t)) ∼= F
(−N)
pk
× FN0
pk
by Lemma 5.4, and k ≤ ℓ(G) by 4.11 and Remark 5.3 (a). Let q : G→ G/〈x〉α
be the canonical quotient morphism and endow G/〈x〉α with the contractive
automorphism α determined by α(q(y)) = q(α(y)) for y ∈ G. If k = ℓ(G),
then 〈x〉α = G is a shift on a restricted power of Fpk , where |Fpk | = p
k = pℓ(G).
If k < ℓ(G), then G/〈x〉α has composition length ℓ(G)−k (see 4.11), whence
G/〈x〉α ∼= A
(−N) × AN0
with the right shift for an abelian group A of order |A| = pℓ(G)−k, by the
inductive hypothesis. The Structure Theorem for Finite Abelian Groups (cf.
[11, 4.2.6] or [12, Corollary 10.22]) shows that
A ∼= Fpk1 × · · · × Fpkn
for some n ∈ N and k1, . . . , kn ∈ N such that k1 + · · ·+ kn = ℓ(G)− k. Thus
A(−N) × AN0 ∼=
n⊕
j=1
F
p
kj ((t)).
As a consequence, there exist y1, . . . , yn ∈ G/〈x〉α such that
G/〈x〉α = 〈y1〉α × · · · × 〈yn〉α
internally and F
p
kj ((t)) ∼= 〈yj〉α for all j ∈ {1, . . . , n}, by means of isomor-
phisms θyj taking t
0 to yj, as described in Lemma 5.4.
We claim that, for each j ∈ {1, . . . , n}, there exists xj ∈ G such that
q(xj) = yj and xj has order p
kj . If this is true, then
σj := θxj ◦ θ
−1
yj
: 〈yj〉α → 〈xj〉α
is a morphism of contraction groups for j ∈ {1, . . . , n}, whence also
σ : G/〈x〉α → G, g1 + · · ·+ gn 7→ σ1(g1) + · · ·+ σn(gn)
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for (g1, . . . , gn) ∈ 〈y1〉α × · · · × 〈yn〉α is a morphism of contraction groups.
Then q ◦ σ is a morphism of contraction groups which takes yj to itself and
hence coincides with the identity map on 〈yj〉α, for each j ∈ {1, . . . , n}. Thus
q ◦ σ = id
on G/〈x〉α, entailing that G = im(σ) × ker(q) = 〈x1〉α × · · · × 〈xn〉α × 〈x〉α
internally as a topological group (and a contraction group). Thus G ∼=
F (−N) × FN0 with F := A× Fpk .
To prove the claim, pick zj ∈ G such that q(zj) = yj. Then zj has order p
ℓj
with kj ≤ ℓj ≤ k, and p
kjzj ∈ 〈x〉α is an element of order p
ℓj−kj and hence
contained in
pk−ℓj+kj〈x〉α,
by Lemma 5.5. Thus pkjzj = p
k−ℓj+kjrj for some rj ∈ 〈x〉α and thus p
kjzj =
pkj(pk−ℓjrj) with k− ℓj ≥ 0. Then xj := zj − p
k−ℓjrj is an element such that
q(xj) = q(zj) = yj (whence its order is at least p
kj) and pkjxj = 0, whence
xj has order p
kj .
The uniqueness assertion will be proved at the end of this section. ✷
Proof of Theorem E. Existence: By Theorem A, there are prime numbers
p1 < · · · < pn and p-adic Lie groups Gp for p ∈ {p1, . . . , pn} which are
α-stable closed subgroups of G such that
G = Ge ×Gp1 × · · · ×Gpn × tor(G);
moreover, tor(G) ∼= F (−N)×FN0 for a finite abelian group F , by Theorem D.
Abbreviate G∞ := Ge. If β is an endomorphism of a finite-dimensional
vector space E over a field K, let us write (E, β) for E, endowed with the
K[X ]-module structure determined by X.v = β(v) for v ∈ E. Let p ∈
{p1, . . . , pn,∞}. In view of 5.1, the Structure Theorem for Finitely Generated
Modules over Principal Ideal Domains shows that
(Gp, α|Gp)
∼=
⊕
f
⊕
n∈N
(Efn , αfn)
µ(p,f,n), (33)
where f ranges through the set of all monic irreducible polynomials with
coefficients in Qp and µ(p, f, n) 6= 0 for only finitely many (f, n). As each αfn
with µ(p, f, n) > 0 is contractive (like α|Gp), we must have f ∈ Ωp for such
(p, f, n) (see Lemmas 4.9 and 4.8). We may therefore assume that f ∈ Ωp
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in (33). For each prime p such that p 6∈ {p1, . . . , pn}, we set µ(p, f, n) := 0 for
all f ∈ Ωp and n ∈ N. Finally, by the Structure Theorem for Finite Abelian
Groups (cf. [11, 4.2.6] or [12, Corollary 10.22]),
F ∼=
⊕
p∈P
⊕
n∈N
(Fpn)
ν(p,n),
where ν(p, n) ∈ N0 is non-zero for only finitely many (p, n). Hence
F (−N) × FN0 ∼=
⊕
p∈P
⊕
n∈N
(Fpn((t)))
ν(p,n),
showing that (G,α) is isomorphic to a direct sum of the form (∗) asserted
in Theorem E. Conversely, every group of the form (∗) described in Theo-
rem E is a locally compact contraction group (using Lemmas 4.9, 4.8, and
[17, Lemma 3.4 and its proof]).
Uniqueness: If (∗) holds, then (Ge, α|Ge) is isomorphic to the connected
component
⊕
f∈Ω∞
⊕
n∈N(Efn , αfn)
µ(∞,f,n) and uniquely determines the in-
tegers µ(∞, f, n) by uniqueness of the µ(∞, f, n) in (33). For each prime p
such that p 6∈ {p1, . . . , pn}, we must have µ(p, f, n) = 0 for all f ∈ Ωp and
n ∈ N, by uniqueness in Theorem A(b). For p ∈ {p1, . . . , pn}, uniqueness
in Theorem A(b) implies that the contraction group (Gp, α|Gp) is isomorphic
to
⊕
f∈Ωp
⊕
n∈N(Efn , αfn)
µ(p,f,n) and uniquely determines the µ(p, f, n) by
uniqueness of the µ(p, f, n) in (33). Finally, if (∗) holds then
(torp(G), α|torp(G))
∼=
⊕
n∈N
(Fpn((t)), αpn)
ν(p,n) (34)
for each prime number p. We may therefore assume that G = torp(G) to
establish uniqueness of the ν(p, n) for n ∈ N and a given prime number p.
Form ∈ N, let Tm be the α-stable closed subgroup of G consisting of elements
x ∈ G whose order divides pm. Then Tm/Tm−1 is trivial if m is greater than
the largest n such that ν(p, n) 6= 0 and is isomorphic to (Fp((t)), αp)
ν(p,n) if m
equals this value. This isomorphism determines ν(p, n) uniquely in this case.
For smaller values of m, we have
Sm/Sm−1 ∼=
⊕
n≥m
(Fp((t)), αp)
ν(p,n), (35)
and ν(p,m) may thus be determined once ν(p, n) is known for all n > m. ✷
The following is immediate from Theorem E and the preceding discussion.
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Corollary 5.6 Endowed with the right shift αpn in each component,⊕
p∈P
⊕
n∈N
(Fpn((t)), αpn)
ν(p,n)
is a locally compact abelian torsion contraction group for each family
(ν(p, n))(p,n)∈P×N ∈ N
(P×N)
0 .
Any locally compact abelian torsion contraction group is isomorphic to a
contraction group of the preceding form, for a uniquely determined family
(ν(p, n))(p,n)∈P×N. Notably, there are only countably many locally compact
abelian contraction groups which are torsion groups, up to isomorphism. ✷
Proof of Theorem D, completed: Uniqueness. Assume that (G,α) is
isomorphic to F (−N) × FN0 with the right shift for a finite abelian group F .
By the Structure Theorem for Finite Abelian Groups,
F ∼=
⊕
p∈P
⊕
n∈N
(Fpn)
ν(p,n)
for ν(p, n) ∈ N0 which are non-zero for only finitely many (p, n). Then
(G,α) ∼=
⊕
p∈P
⊕
n∈N
(Fpn((t)))
ν(p,n) (36)
as a contraction group. By Theorem E, the ν(p, n) in (36) are uniquely
determined by (G,α). Hence F is determined up to isomorphism. ✷
6 Two auxiliary results concerning extensions
We record two observations concerning extensions, for later use.
Lemma 6.1 Let (A, αA), (Ĝ, α̂) and (G,α) be totally disconnected, locally
compact contraction groups. Let
{e} → A
ι
→ Ĝ
q
→ G→ {e}
be an extension of contraction groups such that (A, αA) and (G,α) are simple
contraction groups and both A and G are abelian. If Ĝ has non-trivial centre,
then Ĝ is abelian or Z(Ĝ) = ι(A) and G is 2-step nilpotent.
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Proof. After replacing A with ι(A), we may assume that A ⊆ Ĝ and ι is the
inclusion map. Since Z(Ĝ) is a closed α̂-stable normal subgroup of Ĝ and
q : Ĝ→ G is a surjective morphism of contraction groups, the image q(Z(Ĝ))
is a closed α-stable normal subgroup of G (see 1.11). Hence q(Z(Ĝ)) = {e} or
q(Z(Ĝ)) = G. In the first case, Z(Ĝ) is a non-trivial, αA-stable closed normal
subgroup of A, whence Z(Ĝ) = A by simplicity of (A, αA); as a consequence,
Ĝ is 2-step nilpotent. In the second case, Ĝ = Z(Ĝ)A is abelian. ✷
In the next lemma, we use notation as in Appendix A. Note that, in the
situation of A.1, the trivial homomorphism γ : G→ Aut(A), x 7→ idA always
satisfies (65).
Lemma 6.2 Let (G,α) and (A, αA) be totally disconnected, locally compact
contraction groups with A abelian. Let ω1, ω2 ∈ Z
2
eq(G,A) with respect to the
trivial homomorphism γ : G→ Aut(A), x 7→ idA and
φ : A×ω1 G→ A×ω2 G
be an isomorphism of contraction groups such that φ(A×{e}) = A×{e}. Let
φA be the automorphism of the contraction group A determined by φ(x, e) =
(φA(x), e) for x ∈ A and φ be the automorphism of the contraction group G
determined by φ(pr2(x, y)) = pr2(φ(x, y)) for x ∈ A and y ∈ G. Then there
exists β ∈ B2eq(G,A) such that
ω2 = φA ◦ ω1 ◦ (φ
−1
× φ
−1
) + β,
using additive notation for A.
Proof. It is immediate that
ω0 := φA ◦ ω1 ◦ (φ
−1
× φ
−1
) ∈ Z2eq(G,A)
and a straightforward calculation shows that the equivariant homeomorphism
φ−1A × φ
−1
: A×ω0 G→ A×ω1 G, (x, y) 7→ (φ
−1
A (x), φ
−1
(y))
is a group homomorphism (and thus an isomorphism of contraction groups).
Hence also
ψ := φ ◦ (φ−1A × φ
−1
) : A×ω0 G→ A×ω2 G
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is an isomorphism of contraction groups. By construction, we have
ψ(x, e) = φ(φ−1A (x), e) = (φA(φ
−1
A (x)), e) = (x, e)
for all x ∈ A and thus ψ ◦ ι = ι with ι : A → A× G, x 7→ (x, e). Moreover,
pr2 ◦ψ = pr2 since pr2 ◦φ = φ ◦pr2. Hence ψ is an isomorphism between the
extensions
{e} → A
ι
→ A×ω0 G
pr2→ {e} and {e} → A
ι
→ A×ω2 G
pr2→ {e}
of totally disconnected, locally compact contraction groups. Therefore
β := ω2 − ω0 ∈ B
2
eq(G,A) (see Proposition A.11). ✷
7 Description of biadditive cocycles
Let p be a prime, A := Fp((t)) and α : A → A be the contractive automor-
phism f 7→ tf . We let A act on itself via γ : A → Aut(A), x 7→ idA, i.e.,
we consider central extensions of A by A. Thus, a continuous equivariant
2-cocycle ω : A× A→ A is a continuous map satisfying the cocycle identity
ω(y, z)− ω(x+ y, z) + ω(x, y + z)− ω(x, y) = 0 for all x, y, z ∈ A (37)
and the equivariance condition α ◦ ω = ω ◦ (α× α), i.e.,
tω(x, y) = ω(tx, ty) for all x, y ∈ A.
As a consequence,
tkω(x, y) = ω(tkx, tky) for all x, y ∈ A and k ∈ Z. (38)
The cocycle condition (37) is satisfied in particular if a map ω : A× A→ A
is biadditive, i.e., ω(x + y, z) = ω(x, z) + ω(y, z) for all x, y, z ∈ A and
ω(x, y + z) = ω(x, y) + ω(x, z). Then ω(x, 0) = ω(0, x) = 0 for all x ∈ A.
If ω : A× A→ A is a continuous, equivariant, biadditive map, we define
bm(ω) := ω(t
0, tm) for m ∈ Z. (39)
Then
bm(ω) = ω(t
0, tm)→ ω(t0, 0) = 0
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as m→∞ and
tmb−m(ω) = t
mω(t0, t−m) = ω(tm, t0)→ 0
as m → ∞. The two-sided sequences (bm(ω))m∈Z are therefore elements of
the set B of all (am)m∈Z with am ∈ A such that
am → 0 and t
ma−m → 0 as m→∞. (40)
Let Z2bil(A,A) ⊆ Z
2
eq(A,A) be the set of all continuous, equivariant, biad-
ditive (and hence Fp-bilinear) maps ω : A × A → A. For example, for each
n ∈ Z we have ωn ∈ Z
2
bil(A,A) if we define
ωn(x, y) :=
∞∑
i=i0
xiyi+nt
i (41)
for all x =
∑∞
i=i0
xit
i, y =
∑∞
j=j0
yjt
j with i0, j0 ∈ Z and xi, yj ∈ Fp for
integers i ≥ i0 and j ≥ j0 (and yj := 0 for integers j < j0 here and in
the following). Note that the limit in (41) exists and defines a continuous
A-valued function on each ball
B
A
p−i0 (0) := {x ∈ A : |x| ≤ p
−i0}
(and hence on A) as
fi : B
A
p−i0 (0)× A→ t
iFp[[t]], (x, y) 7→ xiyi+nt
i
is a continuous mapping for each integer i ≥ i0, and Lemma 1.15 applies.
We mention that
ωn(t
i0 , tj0) =
∞∑
i=i0
δi0,iδj0,i+nt
i = δj0,i0+nt
i0 for all i0, j0 ∈ Z (42)
(using Kronecker’s delta, considered as an element of Fp ⊆ Fp((t))). Notably,
ωn(t
0, tj) = δn,j for all j, n ∈ Z. (43)
Observe that
|ωn(x, y)| ≤ |x| for all n ∈ Z and x, y ∈ A. (44)
This is clear if x = 0, as ωn(x, y) = 0 then. If x 6= 0, write x =
∑∞
i=i0
xit
i
with xi0 6= 0 and y =
∑
j=j0
yjt
j . By (41), |ωn(x, y)| ≤ p
−i0 = |x|.
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Proposition 7.1 The mapping b : Z2bil(A,A) → B, ω 7→ (bm(ω))m∈Z is a
bijection.
Proof. The domain and range of b are groups under pointwise addition and
b is a homomorphism. If b(ω) = 0, then 0 = bm(ω) = ω(t
0, tm) for each
m ∈ Z and hence also ω(tn, tm) = tnω(t0, tm−n) = tnbm−n(ω) = 0. Since ω
is continuous biadditive and {tn : n ∈ Z} generates a dense subgroup of A,
we deduce that ω = 0. Thus ker(b) = {0} and hence b is injective. To see
that b is surjective, let a = (am)m∈Z ∈ B. We claim that both series needed
to define
ωa(x, y) :=
∞∑
n=0
anωn(x, y) +
∞∑
n=1
a−nω−n(x, y) (45)
are convergent and define continuous A-valued functions of (x, y) ∈ A×A.
Then ωa is biadditive and equivariant, as these properties are inherited by
Fp((t))-linear combinations of biadditive equivariant maps and pointwise lim-
its of such. Hence ωa ∈ Z
2
bil(A,A). As ωn(t
0, tm) = δn,m by (43), we have
ωa(t
0, tm) =
∞∑
n=0
anωn(t
0, tm) +
∞∑
n=1
a−nω−n(t
0, tm) = am
for all m ∈ Z and thus b(ωa) = a, whence b is surjective and hence bijective.
To prove the claim, let i0 ∈ Z. The sequence (ρn)n∈N0 with
ρn := sup{|ak|p
−i0 : k ≥ n}
is monotonically decreasing and limn→∞ ρn = 0. Let x :=
∑∞
i=i0
xit
i and
y :=
∑∞
i=i0
yit
i with xi, yi ∈ Fp for i ≥ i0. For each k ∈ N0, we have
|akωk(x, y)| = |ak|
∣∣∣∣∣
∞∑
i=i0
xiyi+kt
i
∣∣∣∣∣ ≤ |ak| |ti0| = |ak|p−i0 ≤ ρk
and thus akωk(x, y) ∈ B
A
ρk
(0). Using Lemma 1.15, we deduce that the first
sum in (45) converges to a continuous function of (x, y) ∈ B
A
p−i0 (0)×B
A
p−i0 (0).
Also τn := sup{|t
ka−k|p
−i0 : k ≥ n} defines a monotonically decreasing
sequence (τn)n∈N such that limn→∞ τn = 0. For k ∈ N we have
|a−kω−k(x, y)| = |a−k|
∣∣∣∣∣
∞∑
i=i0+k
xiyi−kt
i
∣∣∣∣∣ = |a−k| |tk|
∣∣∣∣∣
∞∑
j=i0
xj+kyjt
j
∣∣∣∣∣
≤ |a−kt
k| |ti0| = |a−kt
k|p−i0 ≤ τk.
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Using Lemma 1.15, we find that
∑∞
k=1 a−kω−k(x, y) converges for all (x, y) ∈
B
A
p−i0 (0)× B
A
p−i0 (0) and defines a continuous A-valued function thereof. ✷
8 An uncountable set of contraction groups
For A as in Section 7 and s = (sn)n∈N ∈ {0, 1}
N, we define a function
ηs : A× A→ A via
ηs(x, y) :=
∞∑
n=1
snt
nω2n(x, y) for x, y ∈ A,
with ωn as in (41). Thus ηs = ωa (as in (45)) with a2n := snt
n for all n ∈ N,
an := 0 for n ∈ −N0 or n ∈ 2N− 1. As a consequence, ηs ∈ Z
2
bil(A,A). Note
that {0, 1}N is an uncountable set of continuum cardinality. We show:
Theorem 8.1 The contraction groups (A ×ηs A, α × α) for s ∈ {0, 1}
N are
pairwise not isomorphic. Thus, if r, s ∈ {0, 1}N and there exists an isomor-
phism ψ : A ×ηs A → A ×ηr A of topological groups such that (α × α) ◦ ψ =
ψ ◦ (α× α), then r = s. In particular, the map
{0, 1}N → H2eq(A,A), s 7→ [ηs]
is injective.
Several lemmas will help us to establish the theorem. Given a ∈ Fp((t))
×, let
µa : Fp((t)) → Fp((t)) be the multiplication operator x 7→ xa. Since µa(tx) =
txa = tµa(x) for all x ∈ A, we see that µa is an element of the group
Aut(A, α) of all automorphisms of the contraction group (A, α).
Lemma 8.2 The map ε : Aut(A, α) → Fp((t))
×, φ 7→ φ(1) is an isomor-
phism of groups with inverse a 7→ µa.
Proof. Since µa(1) = a for each a ∈ Fp((t)), the map ε is surjective. If φ ∈
Aut(A, α) and a := φ(1), then φ(ti) = (φ ◦αi)(1) = (αi ◦φ)(1) = tia = µa(t
i)
for each i ∈ Z. As a consequence, for each x ∈ A, say x =
∑∞
i=i0
xit
i with
i0 ∈ Z and xi ∈ Fp, we have
φ(x) =
∞∑
i=i0
xiφ(t
i) =
∞∑
i=i0
xit
ia = xa,
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whence φ = µa. Thus φ is determined by a = ε(φ) and thus ε is injective.
Since ε−1 : a 7→ µa is a group homomorphism, ε is an isomorphism. ✷
Lemma 8.3 Let s ∈ {0, 1}N and x, y ∈ A. Let n0 ∈ N such that sn = 0 for
all n ∈ {1, 2, . . . , n0 − 1}. Then
|ηs(x, y)| ≤ p
−n0|x|. (46)
Notably, |ηs(x, y)| ≤ p
−1|x| < |x| if x 6= 0.
Proof. For all x, y ∈ A, we have
ηs(x, y) =
∞∑
n=n0
snt
nω2n(x, y), (47)
where |snt
nω2n(x, y)| ≤ p
−n|ω2n(x, y)| ≤ p
−n|x| ≤ p−n0|x| for all n ≥ n0,
using (44) for the second inequality. We deduce that each finite partial sum
in (47) has absolute value ≤ p−n0|x|, whence so does the limit ηs(x, y). ✷
Lemma 8.4 For each s ∈ {0, 1}N with s 6= 0, the centre of A ×ηs A is
A× {0}. If s = 0, then A×ηs A = A×A is abelian.
Proof. The last assertion being trivial, let us assume that s 6= 0 now.
Let x = (a1, b1) ∈ A ×ηs A. Then xy = (a1 + a2 + ηs(b1, b2), b1 + b2) and
yx = (a1 + a2 + ηs(b2, b1), b1 + b2) for all (a2, b2) ∈ A ×ηs A, whence x is in
the centre of A×ηs A if and only if
ηs(b1, b2) = ηs(b2, b1) for all b2 ∈ A. (48)
This condition is satisfied if b1 = 0. We show that, conversely, (48) implies
b1 = 0, from which the assertion follows. In fact, if b1 6= 0, then b1 =∑∞
i=i0
xit
i for some i0 ∈ Z and elements xi ∈ Fp with xi0 6= 0. Let n0 ∈ N be
minimal subject to sn0 6= 0. Then
ηs(b1, t
2n0+i0) = sn0t
n0xi0t
i0
with |ηs(b1, t
2n0+i0)| = p−n0−i0 but |ηs(t
2n0+i0, b1)| < |t
2n0+i0 | = p−2n0−i0 <
p−n0−i0 , by Lemma 8.3. Thus ηs(t
2n0+i0 , b1) 6= ηs(b1, t
2n0+i0). ✷
Proof of Theorem 8.1. Let ψ : A ×ηs A → A ×ηr A be as described in
the theorem. Lemma 8.4 implies that r = 0 if and only if s = 0. We may
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therefore assume now that both r and s are non-zero.
The isomorphism ψ maps the centre of A×ηs A onto the centre of A×ηr A.
Using Lemma 8.4, we deduce that
ψ(A× {0}) = A× {0}. (49)
In view of (49), we can apply Lemma 6.2, and deduce that there are σ, τ ∈
Aut(A, α) and β ∈ B2eq(A,A) such that
ηr = σ ◦ ηs ◦ (τ × τ) + β.
By Lemma 8.2, there exist a, b ∈ Fp((t))
× such that σ(x) = ax and τ(x) = bx
for all x ∈ A. Thus
ηr(x, y) = aηs(bx, by) + β(x, y) for all x, y ∈ A.
Let k ∈ Z such that |tkb| = 1. Since ηs(bx, by) = t
−kηs(t
kbx, tkby) for all
x, y ∈ A by equivariance, after replacing b with tkb and a with t−ka we may
assume that |b| = 1. There exists a continuous function f : A → A with
f(0) = 0 such that
β(x, y) = f(x) + f(y)− f(x+ y) for all x, y ∈ A.
Then β is symmetric:
β(x, y) = β(y, x) for all x, y ∈ A.
Hence, we have
ηr(x, y)− ηr(y, x) = aηs(bx, by)− aηs(by, bx) for all x, y ∈ A. (50)
Let n0 ∈ N be minimal such that rn0 6= 0; let m0 ∈ N be minimal with
sm0 6= 0. We claim that
|ηr(x, y)− ηr(y, x)| = p
−n0 (51)
for all x, y ∈ A such that |x| = 1 and |y| = p−2n0 . If this is true, then the
left-hand side of the identity
ηr(b
−1t0, b−1t2n0)−ηr(b
−1t2n0 , b−1t0) = aηs(t
0, t2n0)−aηs(t
2n0 , t0)︸ ︷︷ ︸
=0
= atn0sn0
(52)
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(which follows from (50) and (43)) has absolute value p−n0 , whence it is non-
zero. Hence also the right-hand side is non-zero and thus sn0 6= 0, whence
m0 ≤ n0. Hence sn0 = 1, whence the right-hand side of (52) has absolute
value |a|p−n0. As the left-hand side has absolute value p−n0, we deduce that
|a| = 1. (53)
Reversing the roles of r and s, we see that also n0 ≤ m0 and thus n0 = m0.
To establish the claim (51), write x =
∑∞
i=0 xit
i and y =
∑∞
j=2n0
yjt
j with
xi, yj ∈ Fp and x0 6= 0 as well as y2n0 6= 0. Then
ηr(x, y) = ηr(x0t
0, y2n0t
2n0) + ηr(x0t
0, y′) + ηr(x
′, y) (54)
with x′ :=
∑∞
i=1 xit
i and y′ :=
∑∞
j=2n0+1
yjt
j. The first summand in (54) is
tn0rn0x0y2n0 = t
n0x0y2n0 , which has absolute value p
−n0. Since ω2n0(x0t
0, y′) =
0, the second summand in (54) is
∞∑
n=n0+1
rnt
nω2n(x0t
0, y′);
by Lemma 8.3, its absolute value is ≤ p−n0−1|x0t
0| = p−n0−1 < p−n0 . As
|x′| ≤ p−1, Lemma 8.3 yields |ηr(x
′, y)| ≤ p−n0 |x′| ≤ p−n0−1 < p−n0 for the
third summand in (54). Using (3), we deduce that
|ηr(x, y)| = p
−n0. (55)
Now |ηr(y, x)| ≤ p
−n0|y| = p−n0p−2n0 < p−n0 , by Lemma 8.3. Thus, using (3),
we find that |ηr(x, y)−ηr(y, x)| = |ηr(x, y)| = p
−n0. The claim is established.
We now show that rm = sm for all m > n0 (which completes the proof).
Given m, we claim that, for all x, y ∈ A with |x| = 1 and |y| = p−2m, the
absolute value |ηr(x, y) − ηr(y, x)| equals p
−m if rm 6= 0, but is < p
−m if
rm = 0. If this is true, then the left-hand side of the identity
|ηr(b
−1t0, b−1t2m)− ηr(b
−1t2m, b−1t0)| = |aηs(t
0, t2m)| = p−m|sm|
has absolute value p−m if and only if rm 6= 0. As the right-hand side has
absolute value p−m if and only if sm 6= 0, we deduce that rm = sm.
To establish the claim, write x =
∑∞
i=0 xit
i and y =
∑∞
j=2m yjt
j with xi, yj ∈
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Fp and x0 6= 0 as well as y2m 6= 0. For j ∈ N such that j < 2m, set yj := 0.
Then
ηr(x, y) = ηr(x0t
0, y2mt
2m) + ηr(x0t
0, y′) + ηr(x
′, y) (56)
with x′ :=
∑∞
i=1 xit
i and y′ :=
∑∞
j=2m+1 yjt
j . The first summand in (56) is
tmrmx0y2m; its absolute value is p
−m if rm 6= 0 and vanishes if rm = 0. Since
ω2n(x0t
0, y′) = 0 for n ∈ {1, . . . , m}, the second summand is
∞∑
n=m+1
rnt
nω2n(x0t
0, y′) =
∞∑
n=m+1
rnt
nx0y2n,
whence it has absolute value ≤ p−m−1 < p−m. Since yi+2n 6= 0 implies
i+ 2n ≥ 2m and thus i ≥ 2(m− n), the third summand is
∞∑
n=n0
∞∑
i=1
rnt
n+ixiyi+2n =
∞∑
n=n0
∞∑
i=max{1,2(m−n)}
rnt
n+ixiyi+2n. (57)
For n ∈ {n0, . . . , m−1}, we have 2(m−n) ≥ 2 and thus max{1, 2(m−n)} =
2(m−n), entailing that n+i ≥ n+2(m−n) = 2m−n ≥ 2m−(m−1) = m+1
and thus |tn+i| ≤ p−m−1 on the right hand side of (57). For n ≥ m, we have
2(m−n) ≤ 0 and thus max{1, 2(m−n)} = 1, whence n+ i ≥ n+1 ≥ m+1
and hence |tn+i| ≤ p−m−1. As a consequence, the third summand in (56) has
absolute value ≤ p−m−1. Applying (3) to the summands in (56), we see that
|ηr(x, y)| = p
−m if rm 6= 0, while |ηr(x, y)| ≤ p
−m−1 < p−m if rm = 0, (58)
by the ultrametric inequality. By Lemma 8.3, we have
|ηr(y, x)| < |y| = p
−2m < p−m. (59)
Using (3) and the ultrametric inequality, the claim follows from (58) and (59).✷
9 Open Problems
If p is a prime and (G,α) is a torsion contraction group all of whose compo-
sition factors are isomorphic to Fp((t)), then G is soluble (as all composition
factors are abelian) and G has a compact open subgroup which is a pro-p-
group and hence pro-nilpotent. The following question is natural:
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Question 1. Let p be a prime and (G,α) be a torsion contraction group all
of whose composition factors are isomorphic to Fp((t)). Will G be nilpotent?
The answer is positive if G is an analytic Lie group over a local field of posi-
tive characteristic and α an analytic automorphism [6], but the general case
is open. The case of two composition factors should be tackled first:5
Question 2. Let p be a prime and (Ĝ, α) be a torsion contraction group which
is an extension {e} → Fp((t))→ Ĝ→ Fp((t))→ {e}. Will Ĝ be nilpotent?
We mention some immediate observations.
Proposition 9.1 The following conditions are equivalent.
(a) There exists an extension {e} → Fp((t)) → Ĝ → Fp((t)) → {e} of
contraction groups such that Ĝ is not nilpotent.
(b) There exists an extension {e} → Fp((t))
ι
→ Ĝ → Fp((t)) → {e} of
contraction groups such that Ĝ has trivial centre, Z(Ĝ) = {e}.
(c) There exists a continuous homomorphism
γ : (Fp((t)),+)→ Aut(Fp((t)),+)
to the topological group of all automorphisms of the locally compact
group (Fp((t)),+) such that
γ(tx)(ty) = tγ(x)(y) for all x, y ∈ Fp((t)) (60)
and γ(z) 6= id for some z ∈ Fp((t)).
Proof. Since every non-trivial nilpotent group has non-trivial centre, (b) im-
plies (a). By Lemma 6.1, (a) implies (b). Next, (b) implies (c) since Ĝ as
in (b) has ι(Fp((t))) 6⊆ Z(Ĝ) and hence induces a non-trivial continuous ho-
momorphism γ : Fp((t)) → Aut(Fp((t))) as described in Example A.5 (which
satisfies (60) due to (66)).
(c)⇒(b): Let γ be as in (c). Then Fp((t)) × {0} is not contained in the
centre of the semi-direct product Fp((t)) ⋊γ Fp((t)), whence the latter has
trivial centre (by Lemma 6.1).6 ✷
5The authors are grateful to P.-E. Caprace for prompting a similar question.
6Note that the semi-direct product is a contraction group with contractive automor-
phism (x, y) 7→ (tx, ty).
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Remark 9.2 If γ : Fp((t)) → Aut(Fp((t))) is a continuous homomorphism
such that (60) holds, define θ := γ(t0). Then
γ
(
∞∑
n=N
ant
n
)
= lim
n→∞
γ(tn)an ◦ · · · ◦ γ(tN )aN (61)
in Aut(Fp((t))), for all N ∈ Z and aN , aN+1, . . . ∈ Fp. Moreover,
γ(tn)(x) = tnθ(t−nx) for all n ∈ Z and x ∈ Fp((t)). (62)
Thus θ = id implies γ(x) = id for all x ∈ Fp((t)). Since γ is a homomorphism
and Fp((t)) is abelian, we have γ(t
n) ◦ γ(tm) = γ(tm) ◦ γ(tn) for all n,m ∈ Z.
Moreover, γ(x)p = γ(px) = γ(0) = id for all x ∈ Fp((t)).
Remark 9.3 If θ 6= id in Remark 9.2, then θ cannot be of the most na¨ıve
form, i.e., it cannot come from a permutation π of Z in the sense that
θ(tk) = tπ(k) for all k ∈ Z.
In fact, since θ 6= id and the subgroup generated by {tk : k ∈ Z} is dense in
Fp((t)), we would have ℓ := π(k) 6= k for some k ∈ Z. Since π
p = id, after
replacing k by another element in its 〈π〉-orbit if necessary, we may assume
that ℓ > k. Set ∆ := ℓ− k > 0. Then
γ(tn∆)(tn∆+k) = γ(tn∆)(tn∆tk) = tn∆θ(tk) = t(n+1)∆+k for all n ∈ N0,
using (62). Thus
(γ(tn∆) ◦ · · · ◦ γ(t∆) ◦ γ(t0))(tk) = t(n+1)∆+k.
For x :=
∑∞
n=0 t
n∆ ∈ Fp((t)), we then have
γ(x)(tk) = lim
n→∞
(γ(tn∆) ◦ · · · ◦ γ(t∆) ◦ γ(t0))(tk) = lim
n→∞
t(n+1)∆+k = 0.
But γ(x)(tk) 6= 0 as tk 6= 0 and γ(x) is an automorphism, contradiction.
Remark 9.4 Every homomorphism γ as in Proposition 9.1 (c) satisfies
(∀0 6= y ∈ Fp((t)))(∃k ∈ Z) γ(t
k)(y) 6= y.
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In fact, if there were 0 6= y ∈ Fp((t)) such that γ(t
k)(y) = y for all k ∈ Z, then
we would have γ(x)(y) = y for all x ∈ Fp((t)), by (61). Thus (y, 0) would be
in the centre of the semidirect product Ĝ := Fp((t))⋊γ Fp((t)), since
(a, x)(y, 0)(a, x)−1 = (γ(x)(y), 0) = (y, 0) for all (a, x) ∈ Ĝ.
As a consequence, Fp((t))× {0} would be in the centre of Ĝ, by Lemma 6.1,
entailing that γ(x) = id for each x ∈ Fp((t)). We have reached a contradiction.
Remark 9.5 Specializing to p = 2, consider a continuous homomorphism
γ : F2((t))→ Aut(F2((t))) such that (60) holds. Then we find a non-zero joint
fixed vector z for γ(tk1), . . . , γ(tkn) in the F2-vector space F2((t)) for each
finite subset {k1, . . . , kn} ⊆ Z, as we presently verify. However, it is not clear
whether we can find a non-zero joint fixed vector y for all γ(tk) with k ∈ Z
simultaneously. If y always exists, then γ(x) = id for all x ∈ F2((t)) (by the
argument in Remark 9.4), whence every extension Ĝ of F2((t)) by itself would
be nilpotent, by Proposition 9.1.
For the verification, we use that γ(tkj )2 = id for j ∈ {1, . . . , n}. Start with a
vector 0 6= y0 ∈ F2((t)). We define non-zero elements y1, . . . , yn ∈ F2((t)) such
that yj is a fixed vector for all of γ(t
k1), . . . , γ(tkj ), as follows: Recursively,
for j ∈ {1, . . . , n}, we take yj := yj−1 if γ(t
kj )(yj−1) = yj−1 and yj :=
yj−1 + γ(t
kj )(yj−1) otherwise. Then yj is a fixed vector for γ(t
kj) and also
for γ(tj1), . . . , γ(tj−1), as yj−1 was a fixed vector for these and γ(t
kj ) leaves
the 1-eigenspace of γ(tki) invariant for all i ∈ {1, . . . , j − 1} since γ(tki) and
γ(tkj) commute. Now set z := yn.
Nilpotency of contraction groups can be checked on open subgroups.
Proposition 9.6 Let α : G → G be a contractive automorphism of a topo-
logical group G. Then the following holds:
(a) If G has a nilpotent open subgroup, then G is nilpotent.
(b) If G has a soluble open subgroup, then G is soluble.
Our proof uses a well-known fact (whose simple proof is left to the reader):
Lemma 9.7 Let A and B be sets of subgroups of a group G which are directed
upward under inclusion. Then C := {[A,B] : (A,B) ∈ A × B} is directed
under inclusion, the unions ∪A :=
⋃
A∈AA, ∪B, and ∪C are subgroups
of G, and [∪A,∪B] = ∪C. ✷
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Proof of Proposition 9.6. Let U be an open subgroup of G which is
nilpotent (resp., soluble). Let n ∈ N such that Cn(U) = {e} (resp., U (n) =
{e}). Let Φ ⊆ G be a finite subset and H := 〈Φ〉. Since α is contractive,
there is m ∈ N such that αm(Φ) ⊆ U and thus also αm(H) ⊆ U . Then
αm(Cn(H)) ⊆ Cn(U) and αm(H(n)) ⊆ U (n),
showing that Cn(H) = {e} (resp., H(n) = {e}). Since G is the union of its
directed set F of finitely generated subgroups, Lemma 9.7 implies that
Cn(G) =
⋃
F∈F
Cn(F ) = {e}, resp., G(n) =
⋃
F∈F
F (n) = {e}.
Thus G is nilpotent (resp., soluble). ✷
A Extensions of contraction groups with
abelian kernel, and cohomology
Given a group G and a homomorphism γ : G→ Aut(A) to the automorphism
group of an abelian group A, it is well-known that the cohomology classes
[ω] ∈ H2(G,A) of 2-cocycles ω : G × G → A parametrize the equivalence
classes of those group extensions
{e} → A
ι
→ Ĝ
q
→ G→ {e} (63)
which induce γ in the sense that
ι(γ(q(x))(a)) = xι(a)x−1 for all a ∈ A and x ∈ Ĝ. (64)
In this appendix, we give an analogous treatment for extensions of contraction
groups with abelian kernel. We focus on the specific aspects of this situation
and omit calculations which are analogous to the classical case of group
extensions, as treated in many books (like [3, Chapter IV.3]; cf. [11] and [12]).
A.1 Throughout the appendix, (A, αA) and (G,α) are locally compact con-
traction groups, such that A is abelian. We fix a continuous homomorphism
γ : G→ Aut(A)
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to the group of automorphisms of the locally compact group A, such that
γ(α(g)) = αA ◦ γ(g) ◦ α
−1
A for all g ∈ G. (65)
Then G× A→ A, (g, a) 7→ g.a := γ(g)(a) is a continuous action of G on A
and (65) is equivalent to the condition
α(g).αA(a) = αA(g.a) for all a ∈ A and g ∈ G. (66)
The binary group multiplication on A will be written additively, while multi-
plicative notation is used for G. The neutral elements are 0 ∈ A and e ∈ G.
Definition A.2 A continuous mapping ω : G×G→ A is called a 2-cocycle
of contraction groups if it is continuous, satisfies the cocycle condition
g1.ω(g2, g3)− ω(g1g2, g3) + ω(g1, g2g3)− ω(g1, g2) = 0 for all g1, g2, g3 ∈ G
(67)
and is equivariant in the sense that
ω(α(g1), α(g2)) = αA(ω(g1, g2)) for all g1, g2 ∈ G. (68)
The set Z2eq(G,A) of all such ω is a subgroup of the abelian group A
G×G.
A.3 By the equivariance condition, ω(e, e) = ω(αn(e), αn(e)) = αnA(ω(e, e))
for all n ∈ N. As αA is contractive, letting n→∞ we find that
ω(e, e) = 0, (69)
i.e., the cocycles we consider are always normalized.
A.4 Applying the cocycle condition (67) to (e, e, g), (g, e, e) and (g−1, g, g−1),
respectively, in place of (g1, g2, g3), we deduce that
ω(e, g) = ω(e, e) = 0, (70)
ω(g, e) = g.ω(e, e) = 0 and (71)
ω(g−1, g) = g−1.ω(g, g−1) for all g ∈ G; (72)
these identities are useful for the omitted standard calculations.
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Example A.5 Consider an extension {e} → A
ι
→ Ĝ
q
→ G→ {e} of contrac-
tion groups and let α̂ be the contractive automorphism of Ĝ. Let σ : G→ Ĝ
be an equivariant continuous section to q, as provided by Theorem C. Then
G× A→ A, g.a := ι−1(σ(g)ι(a)σ(g)−1)
is a continuous left action of G on A such that γ(g) : A → A, γ(g)(a) :=
g.a is an automorphism of A for each g ∈ G. By 1.5, the corresponding
homomorphism
γ : G→ Aut(A), g 7→ γ(g)
is continuous, and (66) holds by construction. A standard calculation shows
that the map
ω : G×G→ A, (g1, g2) 7→ ι
−1(σ(g1)σ(g2)σ(g1g2)
−1) (73)
satisfies the cocycle condition (67); as ω is continuous and inherits (68) from
the equivariance of σ, we deduce that ω ∈ Z2eq(G,A). The map
π : A×G→ Ĝ, (a, g) 7→ ι(a)σ(g)
is a bijection. The unique group multiplication on A × G making π an
isomorphism of groups is given by
(a1, g1)(a2, g2) := (a1 + g1.a2 + ω(g1, g2), g1g2) (74)
for (a1, g1), (a2, g2) ∈ A×G, as
π(a1, g1)π(a2, g2) = ι(a1)σ(g1)ι(a2)σ(g2)
= ι(a1)σ(g1)ι(a2)σ(g1)
−1σ(g1)σ(g2)σ(g1g2)
−1σ(g1g2)
= π(a1 + g1.a2 + ω(g1, g2), g1g2).
Since π(0, e) = e, the neutral element is π−1(e) = (0, e). As the product
topology on A × G makes π a homeomorphism, it makes A × G a topolog-
ical group, which we denote by A ×ω G. The map αA × α is a contractive
automorphism of A×G, since π ◦ (αA × α) = α̂ ◦ π.
Example A.5 motivates the following proposition, in the setting of A.1.
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Proposition A.6 Given ω ∈ Z2eq(G,A), the binary operation described in
(74) makes A×G a locally compact contraction group A×ωG when endowed
with the product topology and the contractive automorphism αA × α. The
mappings ι : A→ A×ω G, a 7→ (a, e) and pr2 : A×ω G→ G, (a, g) 7→ g are
morphisms of contraction groups and
{e} → A
ι
→ A×ω G
pr2→ G→ {e} (75)
is an extension of contraction groups which induces γ. The mapping
σ : G → A ×ω G, g 7→ (0, g) is an equivariant continuous section for pr2
such that
ω(g1, g2) = σ(g1)σ(g2)σ(g1g2)
−1 for all g1, g2 ∈ G (76)
and ι(γ(g)(a)) = σ(g)ι(a)σ(g)−1 for all g ∈ G and a ∈ A.
Proof. Classical calculations show that the binary operation (74) makes
A ×ω G a group with neutral element (0, e), that ι and pr2 are group ho-
momorphisms, (76) and the final identity hold, and that (75) is an exact
sequence of groups which induces γ. Inverses are given by
(a, g)−1 = (−g−1.a− g−1.ω(g, g−1), g−1) for (a, g) ∈ A×ω G. (77)
Since A and G are topological groups and both ω and the left G-action
on A are continuous, we deduce from the explicit formulas (74) and (77) that
A×ωG is a topological group. Using (66), one finds that the homeomorphism
αA×α is a homomorphism of groups and hence a contractive automorphism.
To complete the proof, it suffices to observe that pr2 ◦(αA×α) = α ◦pr2 and
(αA × α) ◦ ι = ι ◦ αA. ✷
Definition A.7 A 2-coboundary of contraction groups is a map of the form
ωf : G×G→ A, (g1, g2) 7→ g1.f(g2)− f(g1g2) + f(g1),
where f : G→ A is a continuous map which is equivariant in the sense that
f ◦ α = αA ◦ f. (78)
A standard calculation shows that ωf satisfies the cocycle condition. As it is
continuous and inherits the equivariance property (68) from (78), we deduce
that ωf is a 2-cocycle of contraction groups. Thus, the set B
2
eq(G,A) of all ωf
is a subgroup of the abelian group Z2eq(G,A).
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Definition A.8 We write H2eq(G,A) := Z
2
eq(G,A)/B
2
eq(G,A) and call [ω] :=
ω +B2eq(G,A) ∈ H
2
eq(G,A) the cohomology class of ω ∈ Z
2
eq(G,A).
We say that two extensions {e} → A
ι1→ Ĝ1
q1
→ G → {e} and {e} → A
ι2→
Ĝ2
q2
→ G→ {e} of contraction groups inducing γ are equivalent if there exists
an isomorphism of contraction groups ψ : Ĝ1 → Ĝ2 such that ψ ◦ ι1 = ι2 and
q2 ◦ψ = q1. Given an extension E : {e} → A
ι
→ Ĝ
q
→ G→ {e} of contraction
groups, let us write [E] for its equivalence class (or simply [Ĝ], if ι and q are
understood).
Lemma A.9 If ω1, ω2 ∈ Z
2
eq(G,A) and ω2−ω1 ∈ B
2
eq(G,A), then [A×ω1G] =
[A×ω2 G].
Proof. We have ω2−ω1 = ωf for an equivariant continuous map f : G→ A,
as in Definition A.7. Now ψ : A×ω2 G→ A×ω1 G, (a, g) 7→ (a+ f(g), g) is a
homeomorphism and a homomorphism of groups, by standard calculations.
Since f is equivariant, ψ is a morphism of contraction groups. ✷
Lemma A.10 Let {e} → A
ι
→ Ĝ
q
→ G→ {e} be an extension of contraction
groups inducing γ. Let σj : G→ Ĝ be an equivariant continuous section for q
and ωj(g1, g2) := ι
−1(σj(g1)σj(g2)σj(g1g2)
−1) for j ∈ {1, 2} and g1, g2 ∈ G.
Then ω2 − ω1 ∈ B
2
eq(G,A).
Proof. The function f : G → A, f(g) := ι−1(σ2(g)σ1(g)
−1) is continuous
and equivariant. Standard arguments show that ω2 = ω1 + ωf . ✷
Proposition A.11 The assignment [ω] 7→ [A ×ω G] is a bijection from
H2eq(G,A) onto the set of all equivalence classes of extensions
{e} → A→ Ĝ→ G→ {e}
of contraction groups which induce γ.
Proof. The assignment is well defined by Lemma A.9 and surjective (see
Example A.5). To prove injectivity, let ω1, ω2 ∈ Z
2
eq(G,A) and assume that
there exists an isomorphism of contraction groups
ψ : A×ω1 G→ A×ω2 G
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such that pr2 ◦ψ = pr2 and ψ ◦ ι = ι (where ι : A → A × G, a 7→ (a, e)).
Then both σ1 : G → A × G, g 7→ (0, g) and σ2 := ψ
−1 ◦ σ1 are equivariant
sections for pr2, and
ωj(g1, g2) = ι
−1(σj(g1)σj(g2)σj(g1g2)
−1) (79)
for j ∈ {1, 2} and all g1, g2 ∈ G, when the products in (79) are calculated in
A×ω1 G. Hence ω2 − ω1 ∈ B
2
eq(G,A), by Lemma A.10. ✷
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